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Abstract

We examine whether model-specific ambiguity-attitude parameters are stable across situa-
tions with varying ambiguity and can therefore support out-of-sample prediction. Under Source
Theory, ambiguity attitudes are simply a transformation of first-order beliefs. The smooth
ambiguity model and modified Hurwicz expected utility (HEU-B) additionally allow for confi-
dence in these beliefs, i.e., second-order beliefs, which should make ambiguity attitudes more
transferable. Approximating second-order beliefs in our benchmark experiment, we find ini-
tial support: estimated attitudes change substantially across situations under Source Theory
but less so under the two alternatives. For a more complete test, the main experiment adapts
Dynamically Optimized Sequential Experimentation (DOSE) to elicit second-order beliefs and
ambiguity attitudes separately. We compare the models’ out-of-sample predictions across situ-
ations. HEU-B outperforms the other two models, while the smooth ambiguity model does not
outperform Source Theory. Thus, accounting for second-order beliefs does not by itself improve
prediction; how the model incorporates them also matters.
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1 Introduction

Ambiguity attitudes have been shown to matter for a wide variety of economically important deci-
sions, including technology adoption (Barham et al., 2014; Bryan, 2019; Jozwik, 2026), insurance
pricing (Hogarth and Kunreuther, 1989; Cabantous, 2007; Alary et al., 2013; Cecchi et al., 2024),
health care decisions (Berger et al., 2013; Attema et al., 2018), portfolio choice (Dimmock et al.,
2016b; Bianchi and Tallon, 2019) and stock-market participation (Dimmock et al., 2016a; Antoniou
et al., 2015; Anantanasuwong et al., 2024). These results suggest that ambiguity models may be
a promising addition to an empirical economist’s toolkit for predicting human behavior. However,
nearly all existing literature compares ambiguity models’ predictive performance within the same
or a similar ambiguous situation (Hey et al., 2010; Conte and Hey, 2013; Kothiyal et al., 2014;
Hey and Pace, 2014; Qiu and Weitzel, 2016; Peysakhovich and Naecker, 2017; Georgalos, 2019). A
more rigorous test would require a model’s estimated parameters to retain predictive value when
the level of ambiguity changes. This paper provides the first examination of whether an ambiguity
model calibrated in one ambiguous situation can predict behavior in another with a different level
of ambiguity. We further ask which model performs best in such cross-situation prediction.

The importance of this question is straightforward. People rarely face exactly the same am-
biguous situation twice. Empirical models of human behavior that incorporate ambiguity must be
able to accommodate repeated observations by the same agent. This is particularly relevant in
financial markets where conditions can change quickly and substantially (Brenner and Izhakian,
2018; Williams, 2015; Drechsler, 2013). How a model should do so is not so clear. Any model must
specify how agents form beliefs over subjective uncertainty. This specification implicitly affects how
such beliefs will be revised when moving from one ambiguous situation to another.

Different models make different assumptions about how beliefs are formed. We focus on three
capable of prediction across different levels of ambiguity: Source Theory (Abdellaoui et al., 2011;
Baillon et al., 2025), the smooth ambiguity model (Klibanoff et al., 2005), and a modified version of
Hurwicz expected utility (Gul and Pesendorfer, 2015; Bleichrodt et al., 2023), henceforth HEU-B.
Source Theory requires only a first-order belief, or expectation, over subjective uncertainty. In
contrast, the smooth ambiguity model and HEU-B also incorporate second-order beliefs, capturing
uncertainty about that expectation. The two models differ in how they represent this second-order
belief. The smooth ambiguity model represents belief as a distribution over possible first-order

beliefs, whereas HEU-B represents it as a range bounded by pessimistic and optimistic beliefs.



To illustrate these distinctions, consider a box containing 100 red, blue, and yellow balls with an
unknown composition. After four draws with replacement, a decision maker may form a best guess
about the box’s composition while remaining quite uncertain about it. Suppose instead that the
DM observes twenty draws from a different box with the same color proportions as before. The DM
may still form the same best guess, but would have greater confidence that the true composition of
the box lies close to it. A first-order belief is this best guess, represented by one probability for each
color. A second-order belief also captures how confident the decision maker is in that assessment,
which we refer to as the decision maker’s perceived ambiguity level.

Our experimental environments fit closely with this example. In our initial, benchmark study,
subjects make decisions under uncertainty with different amounts of information available. Specif-
ically, they observe two and sixteen draws with replacement from two boxes of unknown composi-
tion, respectively. We elicit first-order beliefs and ambiguity attitudes to calibrate Source Theory.
The estimated ambiguity-attitude parameters change significantly and substantially across the two
information states (similar to Abdellaoui et al., 2025), which under Source Theory implies that
ambiguity attitudes are not stable across situations. An alternative explanation is that attitudes
are stable, but perceived ambiguity falls under high information even when first-order beliefs re-
main unchanged. Indeed, when we proxy for second-order beliefs using a Bayesian assumption, the
resulting smooth ambiguity and HEU-B models produce more stable ambiguity attitudes across
the two situations than Source Theory.

While these results provide suggestive evidence in favor of models that separately account for
perceived ambiguity, a more complete test requires separately measuring second-order beliefs and
ambiguity attitudes for each subject. There are limitations to the feasibility of this approach.
Standard elicitation would require several hundred questions even with only two situations. As an
alternative, we apply Dynamically Optimized Sequential Experimentation (DOSE; Chapman et al.,
2025a), previously used with risk, loss aversion, and time preference, to belief and ambiguity-
attitude elicitation. For a given model, DOSE selects the most informative next question for
parameter estimation based on the subject’s previous responses. Our “DOSE-belief” and “DOSE-
ambiguity” procedures therefore allow us to measure beliefs and ambiguity attitudes separately
with a manageable number of questions.

In our main study, subjects again make decisions between two states that vary only in the level
of information: this time, observing either exactly four or twenty draws. In the low-information

state, our newly developed DOSE-belief procedure elicits each subject’s first- and second-order



beliefs over the box composition. Using these beliefs, DOSE-ambiguity estimates the subject’s
underlying ambiguity attitudes. Because DOSE-ambiguity requires a model to guide question
selection, subjects are randomly assigned to one of three treatments based on Source Theory, the
smooth ambiguity model, or HEU-B. Thus, one of the three models is interactively calibrated to
each subject in a between-subjects design. In the high-information state, we reuse DOSE-belief
to elicit first- and second-order beliefs but do not run DOSE-ambiguity. We then combine the
ambiguity attitude estimated in the low-information state with the beliefs elicited in the high-
information state to make out-of-sample predictions for the held-out ambiguity questions.! The
held-out questions are selected adaptively by a model-independent procedure that targets each
subject’s indifference point, where the models’ predictions differ most.

Our main result shows that HEU-B provides better out-of-sample prediction than both Source
Theory and the smooth ambiguity model. In our preregistered between-subject comparison, we
benchmark each model’s squared prediction error against a coin flip that assigns equal probability
to either choice.? Relative to this benchmark, HEU-B reduces the median mean squared prediction
error across subjects by 20.4%, compared with 16.7% under Source Theory and 10.1% under the
smooth ambiguity model.

We provide three additional analyses. First, no model dominates at the subject level: the
smooth ambiguity model is best for 32.1% of subjects, and HEU-B and Source Theory each around
34%. HEU-B’s advantage is how rarely it ranks worst: 7.7% of subjects, compared with 44.8%
for the smooth ambiguity model and 47.5% for Source Theory. Second, HEU-B remains the best-
performing model whether a subject’s perceived ambiguity falls, as expected, or rises from the low-
to the high-information state. Its advantage over Source Theory is smaller when perceived ambi-

guity rises, while the smooth ambiguity model ties with Source Theory when perceived ambiguity

Tt is important to distinguish out-of-sample prediction from model fitting. In sample, a nested model with more
parameters will always fit at least as well on an unpenalized likelihood measure because it has additional degrees
of freedom. This need not hold out of sample, where additional parameters can overfit the estimation data and
reduce predictive accuracy. In our case, all three models carry two ambiguity-attitude parameters across situations.
Under Source Theory, however, these parameters must also capture any effect of perceived ambiguity not contained in
the first-order belief. If perceived ambiguity changes across situations, the estimated ambiguity-attitude parameters
may therefore change with it and transfer poorly to a new situation. The smooth ambiguity model and HEU-B
instead allow perceived ambiguity to enter through beliefs. Whether this improves prediction depends on whether
the additional structure these models impose describes behavior well. Thus, it is not clear ex ante which model should
best predict behavior in a different situation.

2The coin-flip benchmark is demanding in our setting because the held-out questions converge on each subject’s
point of indifference, where choices are harder to predict. The absolute improvement over a coin flip therefore
understates how much predictive content the models have; the relative performance across models is more informative
for our purposes.



falls but performs significantly worse when it rises.? Finally, calibrating all three models on the
same subjects within each treatment shows that in-sample fit always favors the model that guided
DOSE, but leaves the out-of-sample ranking unchanged.

Across all results, whether main analyses or robustness checks, HEU-B is the outright winner
of this experiment. Moreover, its gain in predictive performance over Source Theory suggests that
ambiguity attitudes can be transferable across different levels of ambiguity and retain predictive
power out of sample. The qualification is the smooth ambiguity model, which carries a second-
order belief yet predicts no better than Source Theory, which carries none. Thus, accounting
for perceived ambiguity alone is not sufficient to improve prediction; how the model incorporates
perceived ambiguity also matters. With second-order beliefs imputed by Bayes’ rule, our benchmark
experiment could not distinguish HEU-B from the smooth ambiguity model; both outperformed
Source Theory. The main experiment separates them by directly eliciting second-order beliefs with
DOSE and evaluating predictions on held-out questions placed where the models differ.

Our paper ties together three strands of literature on ambiguity attitudes. First, several papers
compare the explanatory power of ambiguity models (Hey et al., 2010; Conte and Hey, 2013; Ahn
et al., 2014; Kothiyal et al., 2014; Hey and Pace, 2014; Qiu and Weitzel, 2016; Peysakhovich and
Naecker, 2017; Georgalos, 2019).* Notably, Kothiyal et al. (2014) and Georgalos (2019) evaluate
models based on out-of-sample performance, but still within closely related ambiguous situations.’
These studies reach different conclusions about which model performs best, and none test whether
estimated ambiguity-attitude parameters retain predictive value when the situation itself changes.
We add this missing dimension: whether ambiguity-attitude parameters estimated in one situation
predict choices in another.

A second strand provides evidence that estimated ambiguity attitudes vary systematically with
information or experience (Baillon et al., 2012; Ert and Trautmann, 2014; Baillon et al., 2018a;
Klingebiel and Zhu, 2023). Most closely related, Abdellaoui et al. (2025) vary the number of draws

observed from an ambiguous urn and find that model-free measures of ambiguity attitude move

3In both the smooth ambiguity model and HEU-B, differences in ambiguity attitudes matter less (more) when
perceived ambiguity is low (high), so attitudes should be estimated more precisely when perceived ambiguity is
higher. Parameters estimated under higher perceived ambiguity may therefore predict behavior under lower perceived
ambiguity better than the reverse. Source Theory lacks this feature, and the results are broadly consistent with this
intuition.

4A related experimental literature tests specific behavioral features that can distinguish among ambiguity models
(Halevy, 2007; Baillon and Bleichrodt, 2015; Chew et al., 2017; Cubitt et al., 2020; Brown et al., 2026).

®Kothiyal et al. (2014), for instance, hold out some choices for evaluation, but both the estimation and held-out
questions come from the same situation. Georgalos (2019) is more closely related to our work, comparing out-of-
sample performance after additional information is provided. However, the information concerns the same underlying
ambiguous source, and predictions depend jointly on the ambiguity model and a belief-updating rule.



toward neutrality as information increases. They also find systematic changes in ambiguity-attitude
parameters estimated under the smooth ambiguity model.® We ask whether this instability reflects
changes in ambiguity attitudes or the model used to estimate them, by comparing models that do
and do not separate perceived ambiguity from attitude. The final strand examines belief updating
under ambiguity (Cohen et al., 2000; Dominiak et al., 2012; Moreno and Rosokha, 2016; Ngangoué,
2021; Bland and Rosokha, 2021; Aydogan, 2021; Aydogan et al., 2025) and documents systematic
departures from Bayesian updating. We elicit beliefs directly in each situation rather than imposing
an updating rule, and impose Bayesian updating only to approximate second-order beliefs in our
benchmark experiment and as a robustness check of our main results.

Our paper also contributes to the literature on adaptive preference elicitation. Adaptive proce-
dures have been developed to estimate preferences and discriminate among competing behavioral
models (Cavagnaro et al., 2013a,b, 2016; Toubia et al., 2013; Bertani et al., 2026; Chapman et al.,
2025a). In ambiguity experiments, bisection procedures are commonly used to elicit ambiguity
attitudes (Dimmock et al., 2016a; Li et al., 2019; Abdellaoui et al., 2025; Gonzalez-Jimenez, 2026).
We extend Dynamically Optimized Sequential Experimentation (DOSE; Chapman et al., 2025a)
to individual-level elicitation of second-order beliefs and ambiguity attitudes.” Our results also
have implications for using DOSE in model comparison. Model-guided question selection affects
in-sample comparisons, but out-of-sample rankings remain stable when competing models are eval-
uated using model-independent held-out questions. Thus, models can be compared out of sample
even when DOSE question selection is guided by only one of them.

The paper proceeds as follows. Section 2 introduces the three main ambiguity models (Source
Theory, the smooth ambiguity model, and HEU-B) and describes the elicitation and estimation
procedures. Section 3 presents the designs of the benchmark and main experiments. Section 4
reports the results from the benchmark experiment, and Section 5 reports the results from the

main experiment. Section 6 concludes the paper.

5Bleichrodt et al. (2023) provide a tractable source-theory specification, motivated by Hurwicz expected utility,
that separates an ambiguity-attitude parameter from a source-specific parameter capturing perceived ambiguity.
Cross-situation prediction additionally requires specifying how perceived ambiguity changes with beliefs; we provide
this mapping.

"DOSE has been applied to elicit loss aversion, time preferences, preferences for autonomy, and charitable giving;
see Chapman et al. (2025b), Imai and Camerer (2018), Freundt et al. (2023), and Mitani and Hanaki (2025).



2 Models and methods

In this section, we introduce the three ambiguity models considered in our main comparison: the
Prelec specification of source theory (Source-Prelec), the smooth ambiguity model, and HEU-B,
a modification of Hurwicz expected utility. We focus on how they differ in their representation
of beliefs and what these differences imply for cross-situation prediction. We then describe our

elicitation and estimation procedures.

2.1 Setup and matching probabilities

Throughout this section, we use an ambiguous box containing 100 balls with unknown composition
to illustrate the models. Each ball is red (R), yellow (Y'), or blue (B). We consider bets on the
color of a ball randomly drawn from this ambiguous box. Let E denote an ambiguous event defined
by the color of the drawn ball. In our setting, there are six such events: the three single-color
events R, Y, and B, and the three two-color events RY, RB, and Y B. For example, R denotes
the event that the ball drawn from the ambiguous box is red, while RY denotes the event that it
is either red or yellow.

We restrict attention to two-outcome prospects that pay a fixed prize z > 0 if the indicated
event occurs and zero otherwise. We consider two types of prospects. For a risky prospect, the
probability of receiving x is objectively known. For example, a risky prospect could pay x if a
red ball is drawn from a box known to contain 60 red balls out of 100. We write (z,p) for a
risky prospect that pays x with probability p and zero otherwise. For an ambiguous prospect, the
probability of the indicated event is unknown. For example, an ambiguous prospect may pay x if
a red ball is drawn from a box whose composition is unknown. We write (z, E') for an ambiguous
prospect that pays x if the ambiguous event E occurs and zero otherwise.

We consider choices between a risky prospect (z,p) and an ambiguous prospect (z, E) that
offer the same prize z. Under specific assumptions,® utility over monetary outcomes does not affect
the tradeoff between the two prospects. The comparison can therefore be expressed entirely on a
probability scale. For the risky prospect, the relevant quantity is the objective probability p. The
ambiguous prospect can be represented on the same scale through its matching probability. For

an ambiguous event F, the matching probability m(FE) is the known probability that makes the

8The relevant assumptions differ across models and are specified below.



decision maker indifferent between the two prospects:

(z,m(E)) ~ (z, E).

Thus, m(FE) is the objective probability in the risky prospect at which the decision maker is indif-
ferent between that prospect and betting on FE.

Each ambiguity model introduced below provides a prediction for m(FE) as a function of the
decision maker’s beliefs and ambiguity-attitude parameters. We express all three models in terms
of m(F) and examine how differences in their components and structure translate into different

predictions across situations.

2.2 Ambiguity models and cross-situation prediction

We compare three ambiguity models: source theory, the smooth ambiguity model, and HEU-B.
A key difference among them is how they represent beliefs under ambiguity. This distinction is
particularly relevant for cross-situation prediction. Specifically, models differ in whether changes in
how uncertain the decision maker is about an ambiguous situation are represented through beliefs
or instead absorbed into ambiguity-attitude parameters. In the latter case, the estimated ambiguity
attitudes may become more situation-specific and therefore less transferable to a new situation.
To describe this distinction across models, we define first-order and second-order beliefs. We use
the term first-order belief to refer to a single probabilistic assessment of the ambiguous situation.
In the box example, this can be represented by a probability assigned to each color. A second-
order belief additionally contains information about how sure the decision maker is about that
assessment.” For example, a decision maker may assign the same probability to drawing a red ball
after observing four draws and after observing twenty draws, implying the same first-order belief
about that event, but be more sure after twenty draws that the assigned probability is close to the
true proportion of red balls in the box. We refer to this additional “how sure” dimension as the
decision maker’s perceived ambiguity level. It is captured by the second-order belief but not by
the first-order belief. Source theory uses only the first-order belief, whereas the smooth ambiguity

model and HEU-B incorporate this additional belief dimension in different ways.

90ur use of the term second-order belief is intended to distinguish this additional belief dimension from the
first-order probabilistic assessment and may not coincide with every use of the term in the literature.



2.2.1 Source theory

We start with source theory (Abdellaoui et al., 2011; Baillon et al., 2025). Source theory represents
beliefs about an ambiguous source using only a first-order belief, represented by a single subjective
probability distribution. In our box example, the decision maker assigns a subjective probability
pc to each color C' € {R,Y, B}, with pg + py + pp = 1. Let P(-) denote the probability function
that maps each ambiguous event to its assigned subjective probability. For example, P(R) = pg.
Source theory captures ambiguity attitudes through a source-specific weighting function wg, which
maps these subjective probabilities into matching probabilities, placing ambiguous prospects on
the same probability scale as risky prospects. Under the assumptions described in Section 2.1,'°

the matching probability for event E is therefore
m(E) = ws (P(E)) .
Throughout the main text, we use the Prelec specification,

ws(q) = exp(— B(—Ingq)*), a, 8> 0.

The corresponding matching probability is
m(E) = exp( - B(— lnP(E))O‘). (1)

The parameters o and 8 capture the curvature and elevation of the ambiguity weighting function,
respectively. When o = 8 = 1, the decision maker is ambiguity neutral. In this case, the weighting
function reduces to the identity and m(E) = P(E). We refer to this specification as Source-
Prelec. We also consider alternative source theory specifications, including Goldstein—-Einhorn and
neo-additive weighting functions, in the appendix; the main results are robust to these alternatives.

Source theory uses only the first-order belief P(E) and has no separate belief component cap-
turing the decision maker’s perceived ambiguity level. Conditional on P(E), any systematic effect
of perceived ambiguity on behavior, if present, must therefore be reflected in the shape of the source

weighting function and hence in the estimated ambiguity-attitude parameters. If perceived ambi-

For simplicity, suppose the decision maker is an expected-utility maximizer under risk and normalize u(0) = 0.
An ambiguous prospect (z, E) is then valued as V(z, E) = ws(P(E))u(z), while a risky prospect (z,p) is valued as
V(z,p) = pu(x). Hence, (x,m(E)) ~ (z, E) implies m(E) = wg(P(E)). The same logic applies if risky prospects are
evaluated using a probability-weighting function wg; in that case, ambiguity attitudes are represented through the
transformation wy' o ws. See Baillon et al. (2025).



guity changes across situations, these parameters may therefore absorb situation-specific variation

and become less transferable to a new situation.

2.2.2 Smooth ambiguity

We next consider the smooth ambiguity model (Klibanoff et al., 2005), which incorporates a second-
order belief. In our box example, the decision maker considers multiple possible compositions of
the box and assigns a subjective likelihood to each. Let II denote this distribution over possible
compositions, and let pg denote the probability of event E under a particular composition. Fol-
lowing Abdellaoui et al. (2025), we use the average probability Er[pg] to represent the first-order
belief about event E. The full distribution II, however, contains richer belief information and also
captures the decision maker’s perceived ambiguity.

The smooth ambiguity model uses an increasing function ¢ to capture ambiguity attitudes. On

the probability scale introduced above,!! the matching probability for event E is

m(E) = ¢~ (En [¢(pp)]) (2)

Following Abdellaoui et al. (2025), we use the exponential-power specification

1— e 0
1—e 0"

¢(q) =

The parameters § and p determine the shape of ¢ and capture ambiguity attitudes. When 6 — 0

and p = 1, the decision maker is ambiguity neutral. In this case, ¢(q) = ¢ and

m(E) = Enlpg],

which is exactly the first-order belief.

Unlike source theory, the smooth ambiguity model represents perceived ambiguity separately
from ambiguity attitudes: II captures the second-order belief, including perceived ambiguity, while
¢ captures ambiguity attitudes. When perceived ambiguity changes across situations, the model

can therefore accommodate this change through the belief while holding the ambiguity-attitude

" Suppose u(0) = 0 and normalize u(x) = 1. Under the smooth ambiguity model, the ambiguous prospect (z, F)
is valued as

¢~ (En [$(peu(z) + (1 - pr)u(0))]) .
With this normalization, the expression reduces to ¢! (En[¢(pr)]), giving the matching probability above.



parameters fixed. This separation may make the estimated ambiguity-attitude parameters more
transferable across situations. At the same time, incorporating the second-order belief requires the
model to impose a particular structure on how beliefs and ambiguity attitudes jointly determine
behavior. Specifically, how strongly ambiguity attitudes affect behavior depends on the second-
order belief. As the second-order belief becomes more concentrated and perceived ambiguity falls,
the influence of ambiguity attitudes on behavior becomes smaller. When the decision maker is
certain about the box composition, II assigns all probability to a single composition and m(E) = pg,
regardless of the shape of ¢. In this case, ambiguity attitudes have no effect on behavior even if

they are non-neutral.

2.2.3 Hurwicz expected utility and HEU-B

We next consider Hurwicz expected utility (HEU) (Gul and Pesendorfer, 2015), which belongs
to the a-maxmin family. Under this framework, the decision maker considers a set of possible
probabilities for an ambiguous event. When evaluating a prospect, only the most pessimistic and
most optimistic probabilities in this set matter. For an event £, let p 5 and pp denote these lower
and upper bounds. The parameter o € [0, 1] determines the weight placed on the pessimistic belief,
while 1 — a is placed on the optimistic belief. On the probability scale introduced above, the

matching probability can therefore be written as!?

m(E) = ap, + (1 — a)pg. (3)

HEU further imposes structure on how these lower and upper bounds are formed. Motivated by
probabilistic sophistication within a source, as in source theory, the decision maker assigns a single
subjective probability P(E) to each ambiguous event. HEU then uses this probability to construct
the lower and upper bounds that enter the decision rule. Specifically,

pp=7(P(E), Dpp=1-7(1-PE), (4)

2With %(0) = 0 and a normalization of u(z) = 1, an ambiguous prospect (z, E) is valued as

V(2 B) = a [pyu(@) + (1= p,)u(0)] + (1 = @) pgu(@) + (1 - Be)u(0)],

which gives the matching-probability representation in Equation (3).

10



where

V(t) - Z ant”, (5)
n=1

and the coefficients a1, aq, ... are nonnegative and sum to one. This form guarantees that the
resulting lower and upper bounds satisfy desirable properties. In particular, P(FE) always lies
between p . and pg. If P(E) = 0, both bounds are zero, while if P(E) = 1, both bounds are one.
The general HEU representation allows « to depend on the sequence of parameters ai, as, . . ..
Bleichrodt et al. (2023) consider a particular family of 4 in which this sequence can be indexed by

a single parameter 8. Under this specification,

(1-P8)p
1+8)1—=p)+(1—-B)p

V8(p) = ( (6)

Together with «, this gives a two-parameter mapping from the single subjective probability P(E)
to the matching probability. For a fixed source, it can therefore also be represented as a particular
source theory weighting specification. A key appeal of this parameterization is that its two param-
eters have distinct economic interpretations. The parameter o captures how the decision maker
weights the pessimistic relative to the optimistic belief, while 8 determines the width of the belief
range and is interpreted as perceived ambiguity. A larger [ generates a wider gap between the
lower and upper bounds.

This interpretation suggests that 8 may vary when the ambiguous situation changes, even if
the underlying attitude represented by a remains stable. For cross-situation prediction, however,
knowing that S may change is not sufficient: we also need a way to determine how it changes with
beliefs. Without such a mapping, the perceived-ambiguity parameter cannot be updated from the
belief information available in a new situation.

Suppose information about how uncertain the decision maker is is summarized by a second-order
belief distribution II over possible compositions. Let s measure the spread of this distribution. We
assume that belief spread maps directly into the perceived-ambiguity parameter 5, which in turn
determines the gap between the pessimistic and optimistic beliefs. Specifically,

8= tanh(% : (7)

where  is the parameter linking belief spread to perceived ambiguity.'3

13Under the specification in Equation (6), the lower and upper bounds are symmetric around P(E) in log-odds
space. Each bound is shifted by 2 artanh(8) from P(FE), so the total distance between the two bounds is 4 artanh(g).

11



In our three-color setting, we define

1
s= = Z SDp |log PE. | (8)
3 1—-pg,
ce{RY,B} ’
The expression is written using the three single-color events because each two-color event is the
complement of a single-color event and therefore has the same standard deviation in log odds as its
complement. Averaging over all six events would consequently give the same value of s. We refer
to this specification as HEU-B.
HEU-B predicts the matching probability as

m(E) = ays(P(E)) + (1 — o)y (P(E)), 9)

where

() =1—-~5(1—p), pB= tanh(%) .

The parameter « governs the relative weight placed on the pessimistic and optimistic beliefs, while
k governs the relationship between belief spread and perceived ambiguity. Within the a-maxmin
component of the model, a = 0.5 is the ambiguity-neutral benchmark, corresponding to equal
weight on the pessimistic and optimistic beliefs.

Like the smooth ambiguity model, HEU-B imposes structure on how perceived ambiguity affects
the behavioral influence of ambiguity attitudes. As belief spread s becomes smaller, 8 falls and
the pessimistic and optimistic bounds move closer together. The influence of ambiguity attitudes
on the matching probability therefore becomes smaller. In the limiting case in which perceived
ambiguity vanishes, 8 = 0, the two bounds coincide with P(E) and hence m(FE) = P(E) regardless
of . Thus, even a non-neutral ambiguity attitude has no effect on behavior when there is no
perceived ambiguity.

To provide an intuitive illustration of the consequences of incorporating this additional belief
dimension, Figure 1 compares the mappings from first-order belief P(FE) to matching probability
m(E) implied by the three models. In each panel, the ambiguity-attitude parameters are held
fixed. Under Source-Prelec, perceived ambiguity does not enter separately, so the mapping remains
unchanged when perceived ambiguity changes. Under the smooth ambiguity model and HEU-B,

by contrast, the mapping can change with perceived ambiguity even when the first-order belief and

Equation (7) therefore links this distance directly to belief spread.

12
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Figure 1: First-order belief, perceived ambiguity, and matching probabilities across models. The
horizontal axis gives the first-order belief P(F) and the vertical axis gives the predicted matching
probability m(E). The dotted 45-degree line represents m(E) = P(E). For the smooth ambiguity
model and HEU-B, the dashed and solid curves illustrate lower and higher perceived ambiguity,
respectively, holding ambiguity-attitude parameters fixed. Source-Prelec has no separate perceived-
ambiguity component, so the same mapping applies at different levels of perceived ambiguity.
Parameter values are chosen for illustration.

ambiguity-attitude parameters are held fixed.

The central implication for our analysis is that the three models may differ in the transferability
of their estimated ambiguity-attitude parameters. Because Source-Prelec uses only the first-order
belief, behavioral differences associated with changes in perceived ambiguity may be absorbed
into its estimated ambiguity-attitude parameters, making those parameters more situation-specific.
The smooth ambiguity model and HEU-B separate perceived ambiguity from ambiguity attitudes,
which may allow their estimated attitude parameters to remain more stable when the situation
changes. This potential advantage comes at the cost of additional structure: both models restrict
how changes in perceived ambiguity alter the behavioral effect of a fixed ambiguity attitude. If
this imposed relationship does not capture behavior well, more transferable parameters do not
necessarily lead to better prediction. Which model provides the best cross-situation prediction is
therefore an empirical question.

Evaluating these models at the individual level requires estimating both beliefs and ambiguity
attitudes. For the smooth ambiguity model and HEU-B, the relevant belief representation is richer
than a single subjective probability and therefore requires eliciting second-order beliefs. Jointly
eliciting these richer beliefs and ambiguity attitudes can require a large number of choices. We next

discuss this elicitation challenge and conventional approaches before introducing our procedure.
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2.3 Elicitation challenges and conventional methods

As discussed above, the matching probability m(E) places the ambiguous prospect (z, E) on the
same probability scale as the risky prospect (x,p). For the binary choices we consider, it therefore
summarizes the tradeoff between the two prospects. Previous ambiguity studies have commonly
elicited matching probabilities using either a multiple price list (MPL) or a bisection procedure.
Both methods aim to identify the probability p at which the decision maker is indifferent between
(z,p) and (z, E), but they present the choices in different ways.

An MPL presents a series of choices on the same page. Each row contains the same ambiguous
prospect (x, E), but the probability p in the risky prospect (x,p) increases across rows. When p
is low, the ambiguous prospect may be more attractive, while sufficiently high values of p make
the risky prospect more attractive. The matching probability is inferred from the point in the list
at which the preferred option changes. For example, if the decision maker chooses the ambiguous
prospect when p = 0.4 but the risky prospect when p = 0.5, the matching probability lies between
0.4 and 0.5. Using finer increments in p gives a narrower interval for the matching probability but
requires more rows.

The bisection procedure instead presents one tradeoff between an ambiguous prospect and a
risky prospect at a time, with each subsequent question determined by the previous answer. It
usually begins with p = 0.5. Suppose the decision maker prefers the risky prospect (z,0.5) to the
ambiguous prospect (z, E'). The matching probability is then taken to lie below 0.5, so the next
question uses p = 0.25. If instead the ambiguous prospect is preferred in the first question, the
matching probability is taken to lie above 0.5, and the next question uses p = 0.75. Each answer
therefore halves the remaining range in which the matching probability can lie. Repeating this
process progressively narrows that range until the desired level of precision is reached.

Both methods have advantages and potential drawbacks. MPLs require decision makers to
understand how their choices across the entire list reveal a switching point. Misunderstanding this
task, or relying on features of the list rather than the underlying tradeoff, can distort the elicited
matching probability. In particular, decision makers may be drawn toward switching near the
middle of the list, generating a midpoint or compromise effect (Beauchamp et al., 2020). Binary
choices may therefore be easier to understand and less susceptible to this feature of the elicitation
format (Dave et al., 2010; Freeman et al., 2019). Bisection presents such binary choices and has

been widely used in ambiguity experiments, including studies with broad population samples (von
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Gaudecker et al., 2025). Its adaptive structure, however, relies heavily on the correctness of previous
responses. If the decision maker makes an error early in the sequence, the procedure may narrow
the range in the wrong direction and place subsequent questions away from the underlying matching
probability. Even if the estimation procedure allows for choice error, an early error can still reduce
the information contained in the elicited choices because it affects where the later questions are
asked.

For our purpose, another important consideration is that the matching probabilities themselves
are not the ultimate objects of interest. In many ambiguity applications, matching probabilities are
elicited for the full set of relevant events because commonly used measures of ambiguity attitude
are constructed directly from them. For example, the a- and b-indexes in our three-color setting
use the matching probabilities for all six single- and two-color events. For structural estimation,
by contrast, our objective is to recover the underlying belief and ambiguity-attitude parameters.
Different matching-probability questions may provide different amounts of information about these
parameters. It may therefore be unnecessary to estimate every matching probability to the same
predetermined level of precision.

A full calibration of the models also requires belief elicitation. For the smooth ambiguity model
and HEU-B, this requires richer information about the decision maker’s second-order belief, beyond
a single subjective probability. Existing choice-based approaches recover this information from
several indifference conditions involving bets on possible compositions of the ambiguous source,
and differ in how these conditions are constructed.'* Regardless of the particular implementation,
recovering a sufficiently rich second-order belief requires several additional elicitation sequences on
top of those used to identify ambiguity attitudes. Jointly recovering beliefs and ambiguity attitudes
at the individual level can therefore become highly question-intensive.

Taken together, recovering both belief and ambiguity-attitude parameters at the individual level
using conventional elicitation procedures can require a large number of choices. This leaves scope
for improving elicitation efficiency: it may be possible to recover these parameters with comparable
or greater precision using fewer questions. We therefore adopt an adaptive elicitation procedure

that allows us to recover the required information within a more manageable number of questions.

“For example, Abdellaoui et al. (2011) construct exchangeable partitions recursively, so later elicitation steps
use boundaries identified in earlier steps. This avoids having to specify those boundaries in advance, but makes
later elicitations depend on earlier ones. Abdellaoui et al. (2025) instead use exchangeability conditions based on
boundaries specified independently of earlier elicited values, in part to reduce potential error propagation.
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2.4 DOSE: elicitation and estimation

To improve the efficiency of our elicitation, we use Dynamically Optimized Sequential Experimenta-
tion (DOSE), developed by Chapman et al. (2025a). DOSE is an adaptive, model-guided procedure
that selects each question according to how informative it is expected to be about the parameters
of interest.

We now describe the basic logic of the procedure. DOSE begins with a prior distribution over
possible parameter values. For every question that could be asked, the structural model implies
a probability of each possible response under each parameter combination. Using these predicted
responses and the current distribution over the parameters, DOSE evaluates how much information
each question is expected to provide. It asks the question with the highest expected information
gain. After observing the answer, the distribution over the parameters is updated using Bayes’
rule, and the procedure is repeated.

Formally, let ¢ denote a candidate parameter vector and let w (1)) denote the weight placed on
it after the first ¢ responses. For a binary ambiguity question @, let Py(Q) denote the probability
of choosing the ambiguous prospect under parameter vector . Given the current weights, the

predicted probability of choosing the ambiguous prospect for question @ is
PQ) = 3 wi(t) Pu(Q):
P

DOSE evaluates each candidate question using its expected information gain,

)
1 - P(Q)

Py(@)

5(Q) + (1 — Pw(Q)) log

BIGH(Q) = X un() [Pl o )
¥

The question with the highest expected information gain is selected. After the decision maker
answers, the weights on the candidate parameter vectors are updated using Bayes’ rule, and the
expected information gain is recalculated to select the next question. In this way, each question is
chosen based on the information already collected from that decision maker and on what remains
uncertain about the parameters.

This gives DOSE a broader scope for adaptive question selection than bisection. In a bisection
elicitation, the researcher first specifies the object to be elicited. For example, once the matching

probability for event E has been chosen as the target, F remains fixed and the procedure varies the

probability ¢ in the risky prospect to locate the corresponding indifference point. DOSE instead
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selects questions according to the parameters we ultimately want to estimate. For ambiguity choices,
for example, it can choose both which ambiguous event to ask about and which risky probability
to pair with that event. It can therefore search across a larger set of possible questions rather than
separately locating each matching probability to a predetermined level of precision.

Another useful feature of DOSE is that response error can be incorporated directly into question
selection. Consider an ambiguity choice between the ambiguous prospect (z, E) and the risky
prospect (z,q). For a given parameter vector v, let my,(£) denote the matching probability implied

by the model. We specify the probability of choosing the ambiguous prospect as

Py(E,q) = ® (mw(E)—q>

o
where o captures response error. Choices are therefore less deterministic when ¢ is close to the
predicted matching probability and more deterministic when the two are farther apart. An answer
that is unlikely under a particular parameter vector lowers the weight placed on that vector rather
than eliminating it. Possible response errors are thus taken into account when the posterior is
updated and when subsequent questions are selected.

The same general procedure can be applied to belief elicitation. Belief questions involve choices
between bets on events concerning the possible composition of the ambiguous box rather than
choices between an ambiguous prospect and a risky prospect. A candidate set of belief parameters
determines the relative attractiveness of the two options and therefore the predicted probability
of each response. DOSE can then evaluate the possible belief questions using the same expected-
information-gain criterion. The precise belief specification and the candidate ambiguity and belief
questions used in our experiments are described in the next section.

The DOSE procedure itself relies on Bayesian updating: after each response, Bayes’ rule updates
the weights placed on the candidate parameter values, and these updated weights are used to
select the next question. We use the same Bayesian approach for structural estimation throughout
the paper. The resulting posterior distribution reflects both which parameter values are better
supported by the observed choices and how much uncertainty remains about them. When the
choices provide strong information about the parameters, the posterior becomes concentrated;

when a range of parameter values explains the choices similarly well, the posterior remains more

diffuse.
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3 Experimental design

This section describes our benchmark and main experiments. In both experiments, subjects face two
ambiguous boxes, each containing 100 balls in three colors: red, yellow, and blue. The composition
of each box is unknown to subjects. Before making decisions involving each box, subjects observe
a number of draws with replacement from that box. By varying the number of observed draws, we
change the amount of information subjects have about the box’s composition. The two experiments
differ in how beliefs and ambiguity attitudes are elicited, as described below.

Both experiments were preregistered and conducted online using oTree (Chen et al., 2016), with
subjects recruited through Prolific.'> Subjects received a $3 participation fee and could earn an

additional $5 bonus. Both experiments included comprehension and attention checks.'®

3.1 Benchmark Experiment

In the benchmark experiment, each subject makes decisions involving two ambiguous boxes, la-
beled Box A and Box B. Before making decisions about each box, subjects observe either two
or sixteen draws with replacement, with the order of the two information conditions randomized
across subjects.!”

Subjects answer 48 binary questions in total, completing 24 questions for one box before pro-
ceeding to the other. In each question, a winning event is specified. For example, the winning event
could be drawing a red ball, which we call a single-color event, or drawing either a red or a blue
ball, which we call a two-color event. Subjects choose which of two boxes the ball will be drawn
from: a box with a known composition or the corresponding ambiguous box. The probability of the
winning event is known for the first option but unknown for the second, corresponding to the risky
and ambiguous prospects introduced in Section 2.1. Both options pay $5 if the winning event occurs
and zero otherwise. Figure 2 illustrates a question in which the winning event is drawing a red
ball. Subjects choose between a known box containing 50 red balls out of 100 and the ambiguous

box (Box A in this example).

15Eligible participants were U.S. residents aged 18-80, fluent in English, with an approval rate of at least 99% and
at least 100 approved submissions. Participants who had taken part in an earlier experiment in this project were
excluded from subsequent experiments.

16 Comprehension questions were administered after the instructions. Subjects who answered the same comprehen-
sion question incorrectly twice were not allowed to proceed and were asked to return their submission. Subjects who
failed the attention checks were excluded from the analysis.

1"Subjects were randomly assigned to one of two composition families: {10,30,60} or {35,30,35}. Both boxes for
a given subject belong to the assigned family, with the ball counts randomly assigned to colors.
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Section 1- Question 1 of 24 — Which option do you prefer?

@ Redx8 @Bluex5 () Yellowx3

OPTION 1: Known box — 50 out of 100 balls are red. OPTION 2: Box A — an unknown number out of 100

Win $5 if a ball drawn from the box is red, $0 balls are red.

otherwise. Win $5 if a ball drawn from Box A is red, $0
otherwise.

+4+ 444444 $5
44444444
+44444444+
+4+ e+t e
e bt r e
44444444
+44444444
4444444+
4+ bbbttt $0
. (50%)
CHOOSE OPTION 1 CHOOSE OPTION 2

SUBMIT

Figure 2: An MP question in the benchmark experiment. Option 1 pays $5 if a ball drawn from a
known box with 50 red balls out of 100 is red; Option 2 pays $5 if a ball drawn from Box A, whose
composition is unknown, is red. The panel above Option 2 shows the draws the subject has seen
from Box A.

For each box, we consider six winning events: three single-color events and three two-color
events. We use a bisection procedure to elicit the matching probability for each event. Specifically,
subjects answer four binary questions for each event. The first question offers a 50% winning
probability in the known box, and the probability in the subsequent three questions is adjusted
based on the subject’s previous responses. The order of the six event blocks is randomized.

To determine the bonus payment, one of the 48 question positions is randomly selected and fixed
before the experiment begins. Subjects receive a meaningless four-letter code uniquely associated
with the selected position but are not informed which question it represents. At the end of the
experiment, the subject’s choice at that position is implemented: a ball is drawn from the box they
selected, and they receive the $5 bonus if the winning event occurs. We collected responses from

255 subjects, of whom four failed the attention checks, leaving 251 subjects for analysis.
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Hypotheses. Based on the findings of Abdellaoui et al. (2025), we expect estimated ambiguity
attitudes to move toward ambiguity neutrality as subjects observe more draws. We preregistered

the following hypotheses:

Hypothesis 1 From the 2-draw box to the 16-draw boz, both the a-index and the b-index (defined

in Section 4.1) move toward zero.

Hypothesis 2 From the 2-draw box to the 16-draw box, both Source-Prelec parameters, a and (3,

move toward their ambiguity-neutral values.'

As discussed in Section 2.4, our main experiment uses DOSE to elicit both beliefs and ambigu-
ity attitudes efficiently. To validate its performance, we conducted a DOSE validation experiment
comparing it with the conventional bisection procedure. Subjects were randomly assigned to one of
the two procedures. Both treatments used the same set of eligible events for elicitation, with addi-
tional events reserved exclusively for evaluation and unavailable to either procedure. Each subject
answered 32 elicitation questions followed by 16 held-out questions. We used the same estimation
method for both treatments and evaluated their performance using out-of-sample predictions for
the held-out choices. The results show that DOSE provides more precise parameter estimates and
achieves comparable predictive performance with fewer elicitation questions. The full experimental

design and results are reported in Appendix A.

3.2 Main Experiment

In the main experiment, subjects again make decisions involving two ambiguous boxes, Box A and
Box B. Subjects first observe four draws with replacement from Box A and complete questions
about that box. They then observe twenty draws with replacement from Box B and complete
questions about Box B.' We estimate ambiguity-attitude parameters using choices from Box A
and combine these estimates with beliefs elicited about Box B to predict held-out choices in Box
B.

Subjects answer 52 binary questions in total, with 24 questions for Box A and 28 for Box
B. There are two types of questions: belief questions, which elicit subjects’ beliefs about the

composition of a box, and ambiguity questions, which involve the same type of choices between

8We also preregistered and tested corresponding hypotheses for alternative source theory specifications, including
neo-additive and Goldstein—Einhorn. The results are reported in Appendix Table B.1.

9Both boxes have compositions from the {10, 30,60} family, with the assignment of ball counts to colors randomly
determined for each subject and shared across the two boxes.

20



known and ambiguous boxes as in the benchmark experiment. The questions are organized into
four consecutive blocks. For Box A, subjects answer a block of 12 belief questions followed by a
block of 12 ambiguity questions. For Box B, subjects answer a block of 12 belief questions followed
by a block of 16 ambiguity questions.

Questions are selected adaptively within each block. For the belief questions in both boxes, we
use a common belief specification to guide DOSE question selection. For the ambiguity questions
in Box A, subjects are randomly assigned to one of three between-subject treatments, with DOSE
question selection guided by Source-Prelec, the smooth ambiguity model, or HEU-B. Finally, the
16 ambiguity questions in Box B are selected using a model-independent adaptive procedure and
are held out exclusively for evaluating predictions.

In the belief-question blocks, subjects face a different type of choice from those in the benchmark
experiment: they choose between two bets on the composition of the ambiguous box. Specifically,
they are shown two ranges for the number of balls of a particular color and choose which range they
believe is more likely to contain the actual number.?’ Each option pays $5 if the actual number
falls within the chosen range and zero otherwise. Figure 3 illustrates a belief question about the
number of blue balls in Box A. Subjects choose between winning $5 if Box A contains 0-28 blue
balls and winning $5 if it contains 29-100 blue balls.

Belief questions allow us to identify perceived ambiguity, which is needed for the smooth am-
biguity model and HEU-B. Unlike ambiguity questions, belief questions compare two bets on the
composition of the same ambiguous box, so ambiguity-attitude parameters do not affect the trade-
off between them. This allows us to elicit beliefs about Box A and Box B separately from ambiguity
attitudes, accounting for differences in beliefs between the two boxes while keeping the ambiguity
choices in Box B entirely held out for prediction. We can therefore conduct a clean out-of-sample
test of whether ambiguity-attitude parameters estimated from Box A can predict behavior in Box
B.

To guide DOSE question selection in the belief blocks, we use a common belief representation.
Specifically, we represent subjects’ beliefs about the composition of each box using a Dirichlet
distribution over the proportions of the three colors.?! This distribution is characterized by three

parameters: mpg, my, and K. The first two represent subjects’ mean beliefs about the proportions

20The two ranges do not necessarily cover all possible numbers of balls. If the actual number falls outside both
ranges, neither option pays the bonus.

21Previous studies have used Beta distributions to represent beliefs about the composition of two-color boxes
(Abdellaoui et al., 2024, 2025). The Dirichlet distribution is a natural extension to the three-color case.
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Question 10of 52 — Which do you think is more likely?

This question is about the number of blue balls in Box A.

@redx2 @Bluex1 () Yellowx1

OPTION 1 OPTION 2
Win $5 if the number of blue balls @ in Win $5 if the number of blue balls @ in
Box A (out of 100) is: Box A (out of 100) is:
(i) atleast0, AND (i) atleast29, AND
(i) no more than 28. (ii) no more than 100.
Otherwise, you win $0. Otherwise, you win $0.

CHOOSE OPTION 1 CHOOSE OPTION 2

SUBMIT

Figure 3: A belief question in the main experiment. The subject chooses between two bets on the
number of blue balls in Box A, one paying $5 if the count lies in the lower range and one if it lies
in the upper range. The four draws seen from Box A are shown above the options. This is the first
belief question of the training box, identical for every subject; later questions adapt to the answers
given.

of red and yellow balls, respectively, with mp = 1 — mr — my representing the mean belief about
blue balls. The parameter K captures how concentrated the belief distribution is around these
mean proportions. A higher K indicates that the subject is more sure that the actual composition
is close to their best guess. Figure 4a illustrates two possible belief distributions after observing four
and twenty draws with the same observed color proportions.?? Although the mean beliefs about the
proportion of red balls are similar, the distribution after twenty draws has a higher K and is more
concentrated, reflecting lower perceived ambiguity. This illustrates how the Dirichlet representation

captures both first-order beliefs and the additional dimension of how sure the decision maker is

22The distributions illustrate beliefs that a decision maker would hold under Bayesian updating. We use them only
for illustration and do not assume that subjects update their beliefs according to Bayes’ rule. Instead, we elicit their
beliefs about each box.
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about those probabilities.

We use this common belief representation to construct the belief components required by each
model, as illustrated in Figure 4b. For Source-Prelec, we use the mean beliefs from the Dirichlet
distribution as the first-order beliefs. The smooth ambiguity model uses the full Dirichlet distri-
bution as its second-order belief. For HEU-B, we use the mean beliefs together with a measure of
belief spread derived from the Dirichlet distribution to construct the lower and upper probabilities
entering its decision rule, as described in Section 2.2.3. In this way, we can use the same DOSE
procedure to select belief questions across all three treatments, while preserving the different ways
the models incorporate belief information in estimation and prediction.

In the belief-question blocks, DOSE selects each question to maximize expected information
gain about the Dirichlet belief parameters, mg, my, and K, as well as a response-error parameter.
After each response, the posterior distribution over these parameters is updated, and the next
question is selected based on the updated posterior. The same adaptive belief-elicitation procedure
is used in both boxes and across all three treatments. For the ambiguity-question block in Box A,
DOSE starts with the belief information obtained from the preceding belief-question block, together
with a prior distribution over the ambiguity-attitude parameters. Each question is then selected to
maximize expected information gain about the ambiguity-attitude parameters, the belief parameter
K where relevant, and a response-error parameter.?? The guiding model depends on the subject’s
assigned treatment: Source-Prelec, the smooth ambiguity model, or HEU-B.

The 16 held-out ambiguity questions in Box B follow a different adaptive selection procedure to
ensure that the evaluation does not favor any particular model. We randomly select one of the three
pairs of complementary events, such as drawing a red ball and drawing a yellow or blue ball, and
ask eight questions about each event. Rather than relying on any of the three ambiguity models,
the procedure selects questions to obtain information about the subject’s matching probability
for each event. Similar to bisection, it adjusts the known winning probability based on previous
responses, but explicitly accounts for response error. Importantly, the procedure starts with a
prior that does not depend on any responses collected before the held-out block. Responses within
this block are used to select subsequent held-out questions and evaluate predictions, but are never

used to estimate the parameters of the three models. This design allows us to compare the models

23For computational feasibility in real-time question selection, the mean belief parameters mg and my are fixed at
their posterior means from the belief-question block, while the posterior distributions over K, where relevant, and the
ambiguity-attitude and response-error parameters are updated sequentially. In the final estimation, all model-relevant
parameters are jointly updated using the full set of responses from Box A.
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4 draws (1 red, 1 blue, 2 yellow)
= 20 draws (5 red, 5 blue, 10 yellow)
---- Mean belief
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(a) Dirichlet belief distributions after four and twenty draws
Smooth: the whole distribution
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(b) How the three models use belief information

Figure 4: Illustration of the common belief representation. Panel (a) shows two possible belief
distributions with similar means but different concentrations, illustrating how perceived ambiguity
can differ even when first-order beliefs are similar. Panel (b) illustrates how Source-Prelec uses
the mean belief, the smooth ambiguity model uses the full distribution, and HEU-B uses the mean
belief and belief spread to construct lower and upper probabilities.
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on questions selected independently of them, while obtaining informative responses for evaluating
their relative predictive performance with a limited number of questions.

To implement DOSE, we need to setup prior (the possible set of parameters and their corre-
sponding probability) so DOSE has starting point to update on. All parameter values we used for
prior are assumed to be equally likely. For m, and m, belief parameters, we allow parameters to
take value between [0.025,0.95], with increment of 0.025. For K parameters, we take 14 points,
which are log-spaced from 3 to 100. For ambiguity attitudes parameters, we take 14 points as well
for each parameter. All parameters’ value are chosen based on the benchmark experiment, more
details about the exact values of these parameters can be found in Appendix Table C.1. Since the
first belief questions and the first held-out question are purely using prior, we build the question
tree for these questions. That is, we pre-compute what possible choice should lead what question to
ask for each question and record them. For the MP question for the first box, because information
from the same individual’s belief questions would be needed for DOSE procedure as well, we let the
program to do the real-time calculation after collecting each question. Due to this constraint (we
can not let subjects to wait for a long time), have 14 possible values for each ambiguity parameters.
But this does not affect the performance of DOSE, we just to ensure DOSE is asking questions that
are good enough for parameter identification, for later analyses, we can use a lot finer paraemter
set (like 28 per parameter) for better identification. Chapman et al. (2025a) did in the similar way:
select question using coarse parameter set then estiamte using finer paraemter set.

And note that since DOSE needs to select question to update for prior, we also need to have
question pool for DOSE to choose from. For belief questions, we have question pool of 12699 per
box. Since question’s format is always about which of the two ranges include the true number of
balls of one specific color, the variation for the question includes color and what are the two ranges.
We don’t think the question that provides range that is too thin is meaningful, as when the range
is too thin, the error might be high enough to offset any information that might be provided by
the choice. For each color, if we represent the two ranges provided by the choice question as [lower
number, t] and [t, higher number|. We make sure that (1) all lower number and higher number are
on the 5 grid (2) t is always between lower number and higher number, and t is at least 10 over
lower number and 10 below higher number. Overall, we have 12699 possible belief questions for
three colors. For MP question, we vary both the event and the probability provided in the known
box side. There are six events, and we provide probabilities with increment of 1%, as a result, we

have 606 possible questions each box.
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For payments, we follow the PRINCE mechanism (Johnson et al., 2021). Before the experiment
begins, one question is randomly selected from the full pool of possible questions and fixed for
payment. Subjects receive a meaningless code corresponding to this question but are not informed
which question it represents. If the selected question is asked during the experiment, the subject’s
response to that question determines the bonus payment. Otherwise, the selected question is
presented at the end of the experiment, and the subject’s response is implemented. Because the
payment question is determined independently of subjects’ responses, subjects have no incentive
to misreport their choices to influence which questions are subsequently asked.

We recruited 391 subjects for the main experiment. Three failed the attention checks, and
an additional 24 were excluded under the preregistered criterion for nearly constant response pat-
terns.?* The final sample consists of 364 subjects: 117 in the Source-Prelec treatment, 119 in the
smooth ambiguity treatment, and 128 in the HEU-B treatment.

To evaluate out-of-sample predictive performance, we estimate each model’s ambiguity-attitude
parameters using choices from Box A and combine these estimates with beliefs elicited about Box
B to predict the 16 held-out ambiguity choices. We evaluate predictions using the quadratic score.
Let p denote the probability a model assigns to the option actually chosen by the subject. The
model receives a score of —(1 — p)? for each held-out question. We average these scores across the
16 questions to obtain each subject’s out-of-sample prediction score for each model. Higher scores
indicate better predictive performance, with a maximum possible score of 0.

We next present three hypotheses about the models’ out-of-sample predictive performance.
Both the smooth ambiguity model and HEU-B incorporate perceived ambiguity into beliefs, allow-
ing differences in perceived ambiguity across boxes to be accounted for separately from ambiguity
attitudes. We therefore expect their estimated ambiguity-attitude parameters to be more transfer-

able across boxes, potentially leading to better predictions than Source-Prelec.

Hypothesis 3 The smooth ambiguity model achieves a higher out-of-sample prediction score than

Source-Prelec.
Hypothesis 4 HEU-B achieves a higher out-of-sample prediction score than Source-Prelec.

Although both models incorporate perceived ambiguity, they differ in how they use this informa-

tion. The smooth ambiguity model evaluates the full distribution of possible probabilities, whereas

24The main ranking of the three models’ predictive performance remains unchanged when these subjects are
included.
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HEU-B focuses on pessimistic and optimistic probabilities constructed from the belief distribution.

We conjecture that the latter approach better captures behavior, motivating Hypothesis 5.

Hypothesis 5 HEU-B achieves a higher out-of-sample prediction score than the smooth ambiguity

model.

4 Results from the Benchmark Experiment

The benchmark experiment provides an initial examination of how transferable estimated ambiguity-
attitude parameters are across situations with different levels of information. We first examine how
model-free measures of ambiguity attitudes and Source-Prelec parameters change between the two-
draw and sixteen-draw boxes. We then approximate second-order beliefs under a Bayesian-updating
assumption and compare the stability of estimated ambiguity attitudes across the three models.
Finally, we evaluate each model’s ability to predict choices in one box using parameters estimated
from the other. We find that models incorporating second-order beliefs yield more stable ambiguity-
attitude parameters, but their advantage in cross-situation prediction depends on the model and

the direction of prediction.

4.1 Changes in Estimated Ambiguity Attitudes

We begin by examining whether estimated ambiguity attitudes change with the amount of infor-
mation available. Following Baillon et al. (2018b), we use two model-free measures of ambigu-
ity attitudes: the b-index, which captures ambiguity aversion, and the a-index, which captures
ambiguity-generated likelihood insensitivity (a-insensitivity). Let mgs and m. denote the average
matching probabilities for the three single-color and three two-color events, respectively. The in-
dexes are defined as

b=1—1ms—me,  a=1—3(m.—my).

A positive b-index indicates ambiguity aversion, while a positive a-index indicates likelihood insen-
sitivity. Both indexes equal zero under ambiguity neutrality. We calculate these indexes separately
for each box, using the midpoint of the final interval from the bisection procedure as the matching

probability for each event.?’

25This approximation assumes that subjects make no errors during the bisection procedure. An incorrect response
may cause the final interval to exclude the underlying matching probability.
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We first examine whether the changes in ambiguity attitudes documented by Abdellaoui et al.
(2025) also arise in our three-color setting. Figure 5 compares the two indexes between the two-draw
and sixteen-draw boxes. Both indexes move significantly toward ambiguity neutrality as subjects
observe more draws. The median b-index decreases from 0.152 to 0.050 (Wilcoxon signed-rank
test, p < 0.001), indicating less ambiguity aversion. Similarly, the median a-index decreases from
0.805 to 0.560 (p < 0.001), indicating greater sensitivity to event likelihoods. These findings are
consistent with Abdellaoui et al. (2025), who also find that both indexes move toward neutrality

as more information becomes available.
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Figure 5: Model-free ambiguity attitude across the two boxes. Box, median line and mean dot, with
the dotted line marking ambiguity neutrality. The bracket above each pair carries the Wilcoxon
signed-rank test on per-subject differences. N = 251.

The a- and b-indexes measure ambiguity attitudes without requiring a particular structural
model. However, under the neo-additive specification of source theory, they map directly into
the parameters of the weighting function, which imposes an affine relationship between matching
probabilities and first-order beliefs. Moreover, the model-free approach treats elicited matching
probabilities as exact, although they may contain errors from the bisection procedure. We therefore
turn to structural estimation, allowing for a more flexible weighting function and response errors,
to examine whether estimated ambiguity attitudes still exhibit similar changes. We focus on the

Prelec specification introduced in Section 2.2.1 and estimate its two ambiguity-attitude parameters
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jointly with first-order beliefs using the grid-based Bayesian procedure that also underlies our DOSE
estimation method.26

Figure 6 compares the estimated Source-Prelec parameters across the two boxes. Both parame-
ters change significantly, with their median values moving toward ambiguity neutrality. The median
of v increases from 0.152 to 0.440 (p < 0.001), while the median of 5 decreases from 1.031 to 1.002
(p = 0.033). Under the Prelec specification, ambiguity neutrality corresponds to a = § = 1. Thus,
the changes observed in the model-free indexes are also reflected in the structural estimates under

source theory.
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Figure 6: Prelec parameters across the two boxes, grid-Bayesian posterior means with the belief
estimated jointly rather than assumed. Box, median line and mean dot, with the dotted line
marking ambiguity neutrality (o« = § = 1). The bracket above each pair carries the Wilcoxon
signed-rank test on per-subject differences. N = 251.

The observed movement toward ambiguity neutrality does not necessarily imply that underlying
ambiguity attitudes have changed. Under the smooth ambiguity model and HEU-B, behavior can
move closer to ambiguity neutrality as perceived ambiguity decreases, even when ambiguity-attitude

parameters remain unchanged. If this mechanism drives the behavioral response to additional

26 Maximum likelihood estimation (MLE) may produce poorly identified parameter estimates when subjects’ match-
ing probabilities exhibit little variation across events. In our benchmark experiment, six matching probabilities are
used to estimate five parameters: two belief parameters, two ambiguity-attitude parameters, and one error parameter.
The grid-based Bayesian procedure provides posterior estimates for all 251 subjects, with less informative observa-
tions yielding estimates that remain more influenced by the prior. We also conduct MLE on the subsample of subjects
whose data meet the identification criteria. The MLE results, reported in the appendix, show the same direction of
parameter changes.
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draws, source theory may instead attribute these changes to its ambiguity-attitude parameters,
making them move toward neutrality. This suggests that models separating perceived ambiguity

from ambiguity attitudes may yield more stable parameter estimates, which we examine next.

4.2 Parameter Stability with Approximated Second-Order Beliefs

As discussed in Section 2, the binary choices used to elicit matching probabilities in the benchmark
experiment cannot separately identify second-order beliefs and ambiguity attitudes. Thus, while
source theory allows us to estimate ambiguity-attitude parameters jointly with first-order beliefs,
estimating these parameters under the smooth ambiguity model and HEU-B requires additional
information about second-order beliefs.

To provide a preliminary comparison across models, we approximate second-order beliefs by
assuming that subjects update according to Bayes’ rule from a uniform prior. Specifically, we
assume that subjects begin with a Dirichlet(1,1,1) prior over the possible compositions of the
box, which assigns equal prior density to all possible color proportions. After observing D draws,
of which D, are of color ¢, the posterior belief follows Dirichlet(1 + Dg,1 + Dy,1 + Dpg). The

corresponding first-order belief for color ¢ is the mean of the marginal distribution,

1+ D,
m, =
c 3—{—D’

and the concentration parameter is K = 34 D. A higher K indicates a more concentrated second-
order belief and therefore lower perceived ambiguity. Under this assumption, we can estimate the
ambiguity-attitude parameters of the smooth ambiguity model and HEU-B. For comparability, we
also estimate Source-Prelec using the same approximated beliefs, rather than estimating first-order
beliefs jointly with ambiguity attitudes as in Section 4.1.

Table 1 reports the estimated ambiguity-attitude parameters for all three models in the two-
draw and sixteen-draw boxes. To examine parameter stability, we calculate the correlation of
each parameter’s estimates across the two boxes at the individual level. For Source-Prelec, the
correlations are 0.255 for a and 0.310 for 5. In contrast, HEU-B has correlations of 0.561 for «
and 0.491 for x, while the corresponding correlations for the smooth ambiguity model are 0.464 for
0 and 0.565 for p. Thus, both models incorporating second-order beliefs exhibit higher cross-box
parameter correlations than Source-Prelec, suggesting that their estimated ambiguity attitudes may

be more stable even when second-order beliefs are only approximated.
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These findings suggest that separating perceived ambiguity from ambiguity attitudes may yield
more stable parameter estimates. However, greater parameter stability does not necessarily trans-
late into better prediction. We next compare the models’ cross-situation predictions using the same
approximated beliefs.

Table 1: Ambiguity attitude parameters across the two boxes, benchmark experiment

All on the assumed Bayesian belief

Prelec o Prelec 5 HEU-Ba HEU-Bk  Smooth # Smooth p

2 draws  Median 0.17 1.01 0.59 4.85 34.97 3.15
Std 0.90 1.29 0.15 3.34 18.73 2.28
16 draws Median 0.40 0.99 0.56 2.98 16.98 2.58
Std 0.69 0.48 0.14 4.84 21.32 2.00

Median difference +0.127%*¥*%  _0.019***  -0.030*** -0.173 -10.892*%**  _0.664***
Correlation across boxes 0.255 0.310 0.561 0.491 0.464 0.565

Notes: Parameter estimates are individual-level posterior means from grid-based Bayesian estimation,
assuming that subjects update a uniform Dirichlet(1,1,1) prior according to Bayes’ rule. Medians and
standard deviations are calculated across subjects. The median difference is the median of within-subject
differences (16 draws minus 2 draws). We use the Wilcoxon signed-rank test to compare parameter
estimates across the two boxes. The correlation across boxes is the Pearson correlation of individual
parameter estimates. Significance levels: *** p < 0.01, ** p < 0.05, * p < 0.10. HEU-B’s & is weakly
identified when the implied 8 = tanh(ks/2) approaches one, as larger values of x generate nearly identical
predictions. Evidence on the cross-box stability of « is therefore only suggestive. N = 251.

4.3 Cross-Situation Prediction

To examine whether the stability differences documented in Section 4.2 translate into predictive
performance, we estimate each model’s ambiguity-attitude parameters using choices from one box
and combine them with the approximated Bayesian beliefs from the other box to predict choices
in that box. We evaluate predictions using the average quadratic score over the 24 binary choices
in the prediction box. For each choice, the score is —(1 — p)2, where p is the model’s predicted
probability of the observed choice. A higher score indicates better predictive performance. We
conduct this exercise in both directions, estimating parameters from the two-draw box to predict
choices in the sixteen-draw box and vice versa.

Table 2 reports the results. For each prediction direction, we use Source-Prelec’s prediction score
as the benchmark and compare it with those of HEU-B and the smooth ambiguity model using the
Wilcoxon signed-rank test. When parameters are estimated from the two-draw box and used to
predict choices in the sixteen-draw box, both HEU-B and the smooth ambiguity model outperform
Source-Prelec. The median improvement in the quadratic score relative to Source-Prelec is 0.0220

for HEU-B (p < 0.001) and 0.0268 for the smooth ambiguity model (p = 0.020). The difference
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between HEU-B and the smooth ambiguity model is not statistically significant. However, the
results change when we reverse the prediction direction. When parameters are estimated from the
sixteen-draw box and used to predict choices in the two-draw box, HEU-B is no longer significantly
different from Source-Prelec (p = 0.170), while the smooth ambiguity model performs significantly
worse (p = 0.003).

Table 2: Cross-box prediction, benchmark experiment

Prelec HEU-B Smooth

Fit 2 draws, predict 16 draws

Median -0.2132 -0.1757 -0.1929

Std 0.1168 0.1058 0.0884

Difference from Prelec — +0.0220%**  4+0.0268**
Fit 16 draws, predict 2 draws

Median -0.2088 -0.2087 -0.2178

Std 0.1185 0.1201 0.0952

Difference from Prelec — +0.0015 -0.0118***

Note: The quadratic score is —(1 — p)2, where p is the predicted prob-
ability of the observed choice, averaged over the 24 binary choices in
the prediction box. Higher scores indicate better prediction. Each
model is estimated using one box and evaluated on the other. For each
subject, we calculate the difference between each model’s score and
Prelec’s score. The table reports the median of these differences across
subjects. Stars indicate significance from Wilcoxon signed-rank tests
of these differences: *** p < 0.01, ** p < 0.05, * p < 0.10. Beliefs are
approximated under Bayesian updating for all models. N = 251.

One possible explanation for this directional difference comes from how perceived ambiguity
affects parameter identification under the smooth ambiguity model and HEU-B. As discussed in
Section 2, the influence of ambiguity attitudes on behavior becomes weaker as perceived ambiguity
decreases, making ambiguity-attitude parameters harder to distinguish from response errors. Our
Bayesian approximation implies lower perceived ambiguity in the sixteen-draw box than in the two-
draw box. If subjects perceive a similar reduction in ambiguity, estimating parameters from the
sixteen-draw box may yield less precise estimates of ambiguity attitudes under these two models,
potentially reducing predictive performance when these parameters are applied to the two-draw
box.

Overall, these results suggest that incorporating second-order beliefs can improve cross-situation
prediction, but the advantage depends on the model and prediction direction. HEU-B is the only
model that is not significantly outperformed by Source-Prelec in either direction. However, this
comparison remains preliminary because second-order beliefs are approximated rather than directly

elicited. Previous studies have documented departures from Bayesian updating under ambiguity
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(Epstein and Halevy, 2024; Aydogan et al., 2025; Liang, 2025), and observing more draws does
not necessarily reduce every subject’s perceived ambiguity. Our main experiment addresses these
limitations by separately eliciting second-order beliefs and ambiguity attitudes, allowing for a more

complete comparison of the models’ cross-situation predictive performance.

5 Results from the Main Experiment

We now turn to the results of the main experiment, in which beliefs are directly elicited. We
begin by comparing the three models’ out-of-sample predictive performance using both between-
treatment and within-subject comparisons. We then validate our elicitation and explore what may
account for differences in the models’ predictive performance. Finally, we discuss the implications

of using DOSE for model comparison.

5.1 Out-of-Sample Model Comparison

We begin with our main result, comparing the three models’ out-of-sample predictive performance.
For each model, we combine ambiguity-attitude parameters estimated from Box A with beliefs
elicited from Box B to predict subjects’ choices on the 16 held-out ambiguity questions. We evaluate
predictive performance using the quadratic score, with higher scores indicating better prediction.
Figure 7 reports the results from both between-treatment and within-subject comparisons.

Panel A of Figure 7 presents the between-treatment comparison, in which each model is evalu-
ated using subjects from its corresponding DOSE treatment. HEU-B achieves the highest median
quadratic score (—0.199), followed by Source-Prelec (—0.208) and the smooth ambiguity model
(—0.225). HEU-B significantly outperforms both Source-Prelec (Mann—Whitney test, p = 0.040)
and the smooth ambiguity model (p = 0.001), while the difference between the latter two models
is not statistically significant (p = 0.194).

Panel B presents the within-subject comparison. For each subject, we fit all three models using
the same choice data and combine their estimated ambiguity-attitude parameters with the subject’s
elicited Box B beliefs to predict the same held-out choices. This allows us to compare the models
while holding the data used for estimation and evaluation fixed. We report the results separately
for each DOSE treatment and for the pooled sample. The ranking is robust across all comparisons:
HEU-B significantly outperforms both alternatives regardless of which model guided question se-

lection, while the smooth ambiguity model and Source-Prelec do not differ significantly. In the
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A. Between-treatment comparison B. Within-subject comparison by DOSE treatment
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Figure 7: Out-of-sample predictive performance across models and treatments. Dots report me-
dian quadratic scores, with vertical lines indicating 95% bootstrap confidence intervals obtained
by resampling subjects. Higher scores indicate better prediction. Panel A presents the between-
treatment comparison, in which each model is evaluated on subjects from its corresponding treat-
ment (119 Smooth, 128 HEU-B, and 117 Prelec). Panel B presents the within-subject comparison,
in which all three models are evaluated on the same subjects, separately by treatment and pooled
across all 364 subjects. Brackets report two-sided Mann—Whitney tests in Panel A and Wilcoxon
signed-rank tests of paired differences in Panel B. The dashed line indicates the pooled median
score (—0.255) under ambiguity neutrality, where matching probabilities equal subjects’ elicited
first-order beliefs. ***p < 0.01, **p < 0.05, *p < 0.10; ns indicates no statistical significance at the
10% level.

pooled sample, HEU-B outperforms both models (Wilcoxon signed-rank tests, both p < 0.001),
while the difference between the smooth ambiguity model and Source-Prelec remains insignificant
(p = 0.543).

Importantly, all three models significantly outperform an ambiguity-neutral benchmark, under
which matching probabilities equal subjects’ elicited first-order beliefs. The dashed line in Figure 7
indicates the pooled median score of this benchmark. The improvements are statistically significant
in both the between-treatment and pooled within-subject comparisons (Appendix Table C.2). This
suggests that the estimated ambiguity attitudes under all three models retain predictive value in a
new situation, although to different degrees.

Taken together, these results suggest that accounting for second-order beliefs does not neces-
sarily improve predictive performance over a model that does not incorporate them. The smooth
ambiguity model does not outperform Source-Prelec, whereas HEU-B significantly outperforms

both. HEU-B’s advantage suggests that incorporating second-order beliefs through pessimistic and
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optimistic probability bounds may better capture how these beliefs affect behavior across ambiguous

situations.

5.2 Validation

Having shown that the estimated ambiguity attitudes improve out-of-sample prediction relative to
ambiguity neutrality, we now examine whether the elicited beliefs respond meaningfully to each
subject’s observed draws. Recall that beliefs are elicited using the same Dirichlet specification across
treatments, characterized by mean probabilities for each color and a concentration parameter K.
We first consider the elicited mean probabilities, which are used as first-order beliefs under source
theory. We regress the elicited mean probability for each color on the corresponding Bayesian
approximation based on the observed draws. Table 3 reports the results separately for Box A and
Box B. The estimated coefficients are 0.935 and 0.818, respectively, both statistically significant at
the 1% level. These results suggest that elicited mean beliefs closely track Bayesian approximations

based on subjects’ observed draws.

Table 3: Elicited first-order beliefs and Bayesian approximations

Box A, 4 draws Box B, 20 draws

Dependent variable: Elicited first-order belief

Bayesian approximation from draws 0.935*** 0.818***
(0.033) (0.023)
R? 0.650 0.706
Subjects 364 364
Observations 1,092 1,092

Notes: The dependent variable is the elicited first-order belief about the
proportion of each color in the box. The explanatory variable is the corre-
sponding belief approximated from the observed draws, assuming Bayesian
updating from a uniform prior. Regressions are estimated separately for the
two boxes, with three observations per subject (one for each color). Standard
errors clustered at the subject level are reported in parentheses. *** p < 0.01,
** p<0.05, " p<0.10.

We next examine the concentration parameter K, which captures an additional dimension of
belief relevant to the smooth ambiguity model and HEU-B. Holding mean beliefs fixed, higher K
indicates a more concentrated second-order belief and therefore lower perceived ambiguity. Con-
sistent with observing more draws, K is significantly higher in Box B than in Box A (Wilcoxon

signed-rank test, p < 0.001). Since ambiguity level depends on both K and the mean beliefs, we ap-

ply the measure of ambiguity level proposed by Izhakian (2017, 2020) to our Dirichlet specification,
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p ~ Dirichlet(m; K, mo K, m3K), yielding

K+1Zm (1 —my), (11)

where m; denotes the mean probability for color i. A higher value of U2 indicates a higher ambiguity
level. The median index decreases from 0.0140 in Box A to 0.0092 in Box B (Wilcoxon signed-rank
test, p < 0.001). However, perceived ambiguity does not decrease for every subject: it increases
for 151 of the 364 subjects. We examine the implications of this heterogeneity for predictive

performance in Section 5.3.

5.3 Further Analysis of Predictive Performance

Our main results compare the models using beliefs directly elicited from both boxes. In practical
applications, however, decision makers’ beliefs may not be directly observable and may instead
need to be approximated using available information. It is therefore important to examine whether
our model ranking is robust to using approximated rather than directly elicited beliefs. To do
so, we approximate each subject’s beliefs using Bayesian updating based on the observed draws.
For each model, we re-estimate ambiguity-attitude parameters using Box A choices under these
approximated beliefs, and then combine the estimates with the Bayesian approximations for Box
B to predict the held-out choices. Figure 8 reports the results from both between-treatment and
within-subject comparisons. In the between-treatment comparison, HEU-B achieves the highest
median quadratic score (—0.194), followed by Source-Prelec (—0.217) and the smooth ambiguity
model (—0.228). HEU-B significantly outperforms Source-Prelec (Mann—Whitney test, p = 0.036)
and the smooth ambiguity model (p < 0.001), while the difference between the latter two models
is not statistically significant (p = 0.173). The within-subject comparisons yield the same over-
all ranking: HEU-B significantly outperforms both alternatives regardless of which model guided
question selection, while the smooth ambiguity model and Source-Prelec do not differ significantly
in the pooled comparison. Thus, HEU-B’s predictive advantage remains robust even when beliefs

are approximated rather than directly elicited.?”

2"We conduct a similar analysis in the benchmark experiment, where beliefs are not directly elicited. When
parameters are estimated using the two-draw box and used to predict choices in the sixteen-draw box, the smooth
ambiguity model and HEU-B perform similarly, and both significantly outperform Source-Prelec. This may partly
reflect difficulties in identifying ambiguity-attitude parameters, particularly under Source-Prelec, from the two-draw
data. With relatively few observed draws, subjects may assign similar probabilities to the three colors, generating
similar matching probabilities across events and providing less information for parameter estimation.
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A. Between-treatment comparison B. Within-subject comparison by DOSE treatment
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Figure 8: Out-of-sample predictive performance under Bayesian updating. Beliefs in both boxes
are approximated using Bayesian updating from a uniform prior based on each subject’s observed
draws, rather than directly elicited. Each model’s ambiguity-attitude parameters are estimated
using Box A choices under these approximated beliefs and then used to predict held-out choices
in Box B. Panel A presents the between-treatment comparison, while Panel B presents the within-
subject comparison, separately by DOSE treatment and for the pooled sample. Dots report median
quadratic scores, with vertical lines indicating 95% bootstrap confidence intervals obtained by
resampling subjects. Higher scores indicate better prediction. Brackets report two-sided Mann—
Whitney tests in Panel A and Wilcoxon signed-rank tests of paired differences in Panel B. The
dashed line indicates the pooled median score (—0.253) under ambiguity neutrality, where matching
probabilities equal the Bayesian first-order beliefs. ***p < 0.01, **p < 0.05, *p < 0.10; ns indicates
no statistical significance at the 10% level.

In both our main comparison and the analysis using Bayesian approximations, the differences
in out-of-sample quadratic scores across models may appear relatively small. However, this partly
reflects the structure of our evaluation questions rather than necessarily small differences in the
models’ predictions. Recall that the held-out questions are selected adaptively to locate subjects’
matching probabilities. As the questions approach a subject’s point of indifference, models that
reasonably capture the subject’s behavior tend to assign probabilities closer to 0.5 to each choice.
Consequently, differences in predicted choice probabilities, and therefore in quadratic scores across
models, tend to become smaller. Thus, the magnitude of differences in quadratic scores may not
fully reflect how much the choice of ambiguity model matters.

To assess the magnitude of these differences more directly, we compare the matching probabil-
ities predicted by all three models for the same subjects and events, using each subject’s elicited

Box B beliefs for all three models. Thus, only the model specifications and corresponding estimated
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ambiguity-attitude parameters differ. For each subject, we calculate the range of predicted match-
ing probabilities across the three models for each event and average these ranges across events.
The median of these subject-level averages is 11.8 percentage points, and 59% of subjects have
an average difference exceeding 10 percentage points. These results show that different ambiguity
models can generate substantially different predictions even for the same subjects under identical
beliefs.

The comparison above uses beliefs elicited from the particular ambiguous situations in our
experiment. To examine how model differences may vary under other beliefs, we consider one
subject whose estimated ambiguity-attitude parameters are closest to the sample medians. Holding
these estimates fixed, we compare the models’ predicted matching probabilities across a range of
first-order beliefs and levels of perceived ambiguity, using identical beliefs for all three models in
each case. Specifically, we vary the first-order belief about red®® and consider two levels of belief
concentration, K = 4 and K = 60. Figure 9 presents the results. When K = 4, HEU-B and Source-
Prelec generate relatively similar predictions, while the smooth ambiguity model differs more from
the other two. When K = 60, the predictions of the smooth ambiguity model and HEU-B move
closer to ambiguity neutrality, whereas those of Source-Prelec remain unchanged, leading to greater
differences between Source-Prelec and the other two models. This illustrates how the consequences
of choosing different ambiguity models may depend on the situation in which they are applied,
particularly the level of perceived ambiguity.

We next explore what may account for HEU-B’s superior predictive performance. We begin by
examining how frequently each model provides the best prediction for a given subject. Figure 10
ranks the three models according to their out-of-sample quadratic scores for each of the 364 subjects
and reports the shares for which each model ranks first, second, or third. The shares for which each
model performs best are similar: 32.1% for the smooth ambiguity model, 34.3% for HEU-B, and
33.5% for Source-Prelec. However, the models differ substantially in how often they perform worst.
HEU-B ranks last for only 7.7% of subjects, compared with 44.8% for the smooth ambiguity model
and 47.5% for Source-Prelec. Instead, HEU-B ranks second for 58.0% of subjects. Thus, HEU-B’s
overall advantage appears to come more from how rarely it performs worst than from how often it
performs best.

Another potentially important factor is the direction of change in perceived ambiguity across

28For each value of the first-order belief about red, the remaining probability is divided equally between the other
two colors.
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Figure 9: Models’ predicted matching probabilities under common beliefs. For each model,
ambiguity-attitude parameters are estimated from the same subject’s Box A choices. The sub-
ject is selected as the one whose posterior-mean ambiguity-attitude estimates are closest to the
sample medians. Using these estimates, we calculate each model’s predicted matching probability
for red under identical hypothetical beliefs. The first-order belief P(R) varies along the horizontal
axis, with the remaining probability divided equally between the other two colors. The concentra-
tion parameter is fixed at K = 4 in Panel A and K = 60 in Panel B. The dotted diagonal represents
ambiguity neutrality, where m(R) = P(R).
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Figure 10: How the models rank across subjects. For each subject, the three models are ranked by
their out-of-sample quadratic scores on the same 16 held-out questions. Each bar reports the share
of the 364 subjects for whom the corresponding model ranks first, second, or third.
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the two boxes. Recall that both the smooth ambiguity model and HEU-B impose structures under
which differences in ambiguity attitudes have a smaller effect on behavior when perceived ambiguity
is lower. Consequently, ambiguity-attitude parameters may be more difficult to identify when
perceived ambiguity is relatively low, because differences in attitudes generate smaller differences
in observed choices. Estimating these parameters in a situation with relatively low perceived
ambiguity and using them to predict behavior in a situation with higher perceived ambiguity may
therefore be particularly challenging. By contrast, Source-Prelec does not incorporate perceived
ambiguity as a separate belief dimension. Relative model performance may therefore depend on
whether and how models incorporate perceived ambiguity, as well as the direction in which perceived
ambiguity changes. Our benchmark experiment also provides evidence that prediction direction
may matter for relative model performance, further motivating an examination of this issue in the
main experiment.

Although subjects observe more draws in Box B than in Box A, their perceived ambiguity
does not necessarily decrease. As reported in Section 5.2, the ambiguity-level index U? decreases
for 213 subjects but increases for the remaining 151 subjects. The latter pattern contrasts with
the direction suggested by Bayesian updating, but is not necessarily unreasonable. For example,
subjects may observe draws that conflict with their prior beliefs, making them less confident in
their assessment of the box’s composition. Alternatively, observing more draws may make it more
difficult for subjects to assess the possible compositions. We also find evidence supporting the
credibility of the elicited beliefs among these subjects. Appendix Figure C.1 compares out-of-
sample predictions using elicited beliefs with those using Bayesian approximations, separately for
subjects whose perceived ambiguity decreased or increased. Even for subjects who perceived more
ambiguity after observing additional draws, predictions based on elicited beliefs are significantly
better under all three models. This suggests that these subjects’ elicited beliefs meaningfully reflect
their behavior, even though their perceived ambiguity changes in the opposite direction from that
suggested by Bayesian updating.

We then compare the models’ out-of-sample predictive performance separately for subjects
whose perceived ambiguity decreased and those whose perceived ambiguity increased. Figure 11
reports the within-subject comparisons for these two groups. HEU-B significantly outperforms both
alternatives in either group, demonstrating that its predictive advantage is robust to the direction
of change in perceived ambiguity. The relative performance of the smooth ambiguity model and

Source-Prelec, however, differs between the groups. When perceived ambiguity decreases, their
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A. Perceived ambiguity decreased (n = 213) B. Perceived ambiguity increased (n =151)
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Figure 11: Predictive performance by perceived ambiguity change. Subjects are divided according
to whether their ambiguity-level index 2 decreased (Panel A) or increased (Panel B) from Box A
to Box B. All three models are evaluated on each subject within each group. Dots report median
out-of-sample quadratic scores, with vertical lines indicating 95% bootstrap confidence intervals
obtained by resampling subjects. Brackets report two-sided Wilcoxon signed-rank tests of paired
differences. The dashed lines indicate the median ambiguity-neutral scores within each group
(—0.244 where U? decreased and —0.267 where it increased). ***p < 0.01, **p < 0.05, *p < 0.10; ns
indicates no statistical significance at the 10% level.

predictive performance does not differ significantly. When perceived ambiguity increases, Source-
Prelec significantly outperforms the smooth ambiguity model. This pattern is consistent with the
intuition that estimating ambiguity-attitude parameters under relatively low perceived ambiguity

is more challenging for models that incorporate second-order beliefs.

5.4 Implications for Model-Guided Elicitation

Our results also have implications for using DOSE to compare competing models. Because DOSE
adaptively selects questions to obtain information about the parameters of a particular model, the
questions asked, and hence the responses available for estimation, depend on which model guides
the elicitation. This raises a concern about whether model-guided question selection affects the
outcome of model comparisons. Our experimental design, with three DOSE treatments guided by
different models, allows us to examine this issue.

We begin by comparing the models’ in-sample fit. For each subject, we estimate all three
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models using responses to the same 12 Box A ambiguity questions and evaluate their fit on those
responses. Figure 12 reports the results separately by DOSE treatment and for the pooled sample.
The relative in-sample performance varies across treatments, with each model generally performing
more favorably when it guides question selection. This suggests that DOSE tends to select questions

that favor the guiding model in terms of in-sample fit.

0.00 - sk sk ok sk
ns Hokk Hoksk Hoksk
Hokk * Ak ns
E 1 1 1
S —0.05 ®
o 1 |
= | | [ ] 1 1 1 ‘ [
« ® 1 ® ® ® ! ®
- | 1 1 '
E —0.10 A+ ®
: | '
P o
) I
£ ~0.15 |
& °
E |
—0.20 +
__________________________________________________________ ambiguity neutral (fitted)
T T T T
Smooth HEU-B Prelec pooled
treatment treatment treatment (364)
(119) (128) (117)
model

—®— Smooth —o—- HEU-B —®— Prelec

Figure 12: In-sample model comparison by DOSE treatment. For each subject, all three models
are fitted and evaluated using responses to the same 12 Box A ambiguity questions. Results
are reported separately by DOSE treatment and for the pooled sample. Dots report median in-
sample quadratic scores, with vertical lines indicating 95% bootstrap confidence intervals obtained
by resampling subjects. Higher scores indicate better fit. Brackets report two-sided Wilcoxon
signed-rank tests of paired differences. The dashed line indicates the pooled median in-sample
score (—0.215) of the fitted ambiguity-neutral benchmark. ***p < 0.01, **p < 0.05, *p < 0.10; ns
indicates no statistical significance at the 10% level.

However, the in-sample advantage of the guiding model does not necessarily carry over to
out-of-sample comparisons. In our experiment, the 16 held-out ambiguity questions in Box B
are selected using a model-independent adaptive procedure, so the evaluation questions are not
tailored to any of the competing models. As shown in Figure 7, HEU-B significantly outperforms
both alternatives regardless of which model guided the DOSE questions in Box A. Thus, despite
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the treatment-dependent in-sample comparisons, HEU-B’s out-of-sample advantage remains robust
even when its parameters are estimated using questions selected by a competing model.

These findings have broader implications for using DOSE in model comparison. If model-guided
question selection substantially affected out-of-sample comparisons even when evaluation questions
were model-independent, establishing robust comparisons might require a separate DOSE treatment
for each competing model, substantially increasing the required sample size. Moreover, evaluating
newly proposed models using existing data could be problematic if those data were collected using
questions guided by other models. Our findings suggest that these concerns may be less severe
once models are evaluated on separate, model-independent questions. In our experiment, estimating
competing models using questions guided by a single model yields a consistent out-of-sample ranking
across treatments. This suggests that DOSE can be used to compare multiple models without
necessarily requiring a separate elicitation treatment for each, and that data collected under one

guiding model may also be useful for evaluating newly proposed models.

6 Conclusion

In this paper’s main experiment, we systematically evaluate three models of ambiguity based on
their out-of-sample predictive power in a different environment with a different level of ambiguity.
The first model, Source Theory, represents an agent’s subjective perception of ambiguity entirely
through a first-order belief. The other two models, the smooth ambiguity model and a modified
version of Hurwicz expected utility (HEU-B), allow for second-order beliefs that capture perceived
ambiguity, that is, how confident an agent is in the first-order expectation. The smooth ambiguity
model represents perceived ambiguity as a distribution over possible first-order beliefs; HEU-B
instead represents it through the gap between pessimistic and optimistic first-order beliefs. HEU-
B performs significantly better than the other two models in predictive accuracy, while Source
Theory and the smooth ambiguity model are statistically indistinguishable from each other. The
superior performance of HEU-B is robust to analyses that rank the models subject by subject, split
subjects by changes in perceived ambiguity, and approximate second-order beliefs through Bayesian
updating rather than direct elicitation.

The results provide qualified insights into the structure of ambiguity models. Both the smooth
ambiguity model and HEU-B represent perceived ambiguity as part of belief, which was expected

to increase the transferability of ambiguity attitudes across ambiguous environments. However,
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only HEU-B performs better than Source Theory, suggesting that how perceived ambiguity is
incorporated into the model matters at least as much as whether it is incorporated at all. Our HEU-
B specification is a first attempt to map the measured second-order belief directly into perceived
ambiguity in Hurwicz expected utility. Future research could consider alternative mappings and
whether other models in the a-maxmin family can further improve predictive performance.

As the comparison to our benchmark experiment demonstrates, these conclusions would not
have been reached without the newly developed DOSE-ambiguity procedure. Without DOSE,
directly eliciting second-order beliefs is impractical, so we instead impute them by Bayes’ rule
from observed draws. Under this approach, both HEU-B and the smooth ambiguity model appear
to outperform Source Theory in one direction of prediction, with less consistent results in the
other. Only the main study, with elicited second-order beliefs and questions chosen to discriminate
between models, reveals that HEU-B consistently outperforms the other models. Out-of-sample
prediction is similarly important: comparing models on their own treatment’s in-sample fit, or on
pooled in-sample fit, would not have led to the same conclusions.

Pairing out-of-sample prediction with DOSE also has a methodological implication for how
DOSE is used in model comparison. When evaluation is based on model-independent out-of-sample
questions, the model ranking is robust to which model guides DOSE question selection. Future
applications therefore need not assign a separate treatment to each candidate model, substantially
reducing the sample required for model comparison. Our design also provides a way to construct
an out-of-sample question block that retains adaptive question selection while remaining model
independent.

Our experimental design compares two situations that differ only in the amount of information
available, and hence in the level of ambiguity. This provides a clean setting to isolate the role
of perceived ambiguity in the relative performance of models. Recent research has focused on
ambiguity attitudes toward natural sources (e.g., Abdellaoui et al., 2011; Li et al., 2018; Baillon
et al., 2018b; Anantanasuwong et al., 2024; Gutierrez and Kemel, 2024; Lotito et al., 2024) and has
documented substantial heterogeneity in ambiguity attitudes across sources. However, almost all
of this work uses Source Theory, under which differences in perceived ambiguity may be absorbed
into estimated ambiguity attitudes. This leaves open how transferable ambiguity attitudes are
across sources under models that account for perceived ambiguity, and how much of the observed
behavioral difference instead reflects differences in perceived ambiguity. The answer is particularly

important for financial applications. The same investor may make decisions across stocks, bonds,
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futures, and other assets, so it is important to know how much information is needed to predict
future behavior. In particular, can an ambiguity attitude estimated for one asset be applied to

others, or must ambiguity attitudes be measured separately for each type of asset?
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A The DOSE validation experiment

The DOSE validation experiment compares DOSE with a conventional bisection procedure under
the same question budget. Subjects were recruited through Prolific and randomly assigned to one
of the two treatments. Each subject faced an ambiguous box containing balls of four colors and
observed ten draws with replacement from the box. Subjects then answered 32 binary choices
between a bet on an ambiguous event and a bet with a known winning probability. To ensure
comparability, both procedures were restricted to the same eight ambiguous events: four single-
color and four three-color events. Under bisection, each event received four questions. Under
DOSE, the 32 questions were selected adaptively from a pool of 808 possible questions combining
these eight events with different known winning probabilities (Section 2.4).

After these 32 questions, subjects answered 16 held-out questions randomly selected from a
separate pool involving events excluded from both procedures’ question pools. The selection of
held-out questions was independent of treatment. We estimated the Source-Prelec model using
the 32 elicitation choices, jointly recovering ambiguity-attitude parameters, first-order beliefs, and
a response-error parameter o. Both treatments used the same grid-based Bayesian estimation
procedure. We then evaluated the resulting estimates based on their out-of-sample predictions for
the 16 held-out choices. Thus, the treatments differed only in which elicitation questions were
asked.

Of the 246 subjects who completed the experiment, 243 passed the attention checks. We further
excluded subjects who exhibited near-constant responding.?? The resulting sample contains 236

subjects: 120 in the DOSE treatment and 116 in the bisection treatment.

29%We excluded subjects who chose the same option in at least 30 of the 32 elicitation questions or at least 15 of
the 16 held-out questions.
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Figure A.1: Response noise and parameter precision in the DOSE validation experiment. The left panel reports the
posterior mean of the response-error parameter o, while the middle and right panels report the posterior standard
deviations of the Source-Prelec parameters « and 3. Lower values indicate less response noise (o) or greater precision
in parameter estimates (o, §). Results are shown for all subjects and separately for low- and high-noise subjects,
classified using the within-treatment median of estimated o. Boxes represent the interquartile range, with horizontal
lines marking the median. Whiskers extend to the most extreme non-outlying observations; outliers are omitted. The
estimation grid restricts o < 0.5. Stars indicate two-sided Mann—Whitney tests comparing DOSE and bisection: ***
p < 0.01, " p < 0.05, * p<0.10. N =236 (120 DOSE; 116 bisection).
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Figure A.2: Out-of-sample predictive accuracy in the DOSE validation experiment. Bars report the mean predicted
probability assigned to subjects’ actual choices, averaged over the 16 held-out questions and then across subjects. Blue
and red bars represent the Source-Prelec model estimated using choices from the bisection and DOSE treatments,
respectively. Beige bars represent an ambiguity-neutral benchmark, estimated using the same belief and response-
error grids. The vertical axis begins at 0.61, the predictive accuracy obtained using only the prior over the estimation
grid, without incorporating subjects’ elicitation choices. Results are shown for all subjects and separately for low- and
high-noise subjects, classified using the within-treatment median of estimated o. Error bars represent +1 standard
error of the mean. Two-sided Mann—Whitney tests comparing DOSE and bisection yield p = 0.078 for all subjects,
p = 0.579 for low-noise subjects, and p = 0.008 for high-noise subjects. The observed advantage of DOSE is larger
among high-noise subjects. N = 236 (120 DOSE; 116 bisection).
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Figure A.3: Out-of-sample predictive performance by number of DOSE questions in the validation experiment. For
each K, parameters are re-estimated using only the first K elicitation choices of each subject in the DOSE treatment.
The out-of-sample score L(K) (y-axis) is the sum of the predicted probabilities assigned to the subject’s actual
choices across the 16 held-out questions, with a maximum of 16. Solid lines report the median L(K) across DOSE
subjects, for all subjects and separately for low- and high-noise subjects, classified using the within-treatment median
of estimated o. Dashed lines in the same colors report the median out-of-sample scores for the corresponding bisection
sample or subgroup, using all 32 elicitation questions. N = 236 (120 DOSE; 116 bisection).
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B Additional results from the benchmark experiment

Table B.1: Parameter changes under alternative specifications, benchmark experiment

Grid-based Bayesian, N = 251

MLE, N = 114

Specification Parameter 2 draws 16 draws Median difference 2 draws 16 draws Median difference
Prelec a 0.152 0.440 +0.125%** 0.292 0.639 +0.194%**
B 1.031 1.002 -0.021** 1.043 0.995 -0.089***
Neo-additive a 0.767 0.559 -0.141%** 0.565 0.303 -0.182%**
b 0.151 0.056 -0.079*** 0.145 0.029 -0.087***
Goldstein—Einhorn -~y 0.166 0.404 +0.110%** 0.330 0.594 +0.080**
1) 0.738 0.896 +0.113%%* 0.704 0.932 +0.203***
HEU « 0.611 0.581 -0.035*** 0.621 0.546 -0.057***
B 0.845 0.605 -0.124%** 0.919 0.728 -0.026***

Notes: The first three specifications use different source-theory weighting functions: Prelec; neo-additive, w(p) =
(1 —a)p+ (a —b)/2, where a captures likelihood insensitivity and b ambiguity aversion; and Goldstein—Einhorn,
w(p) = dp”/(6p”+(1—p)”), where v governs curvature and § elevation. The fourth specification is Hurwicz expected
utility (HEU), following Bleichrodt et al. (2023), where « captures ambiguity attitude and 8 perceived ambiguity.
Beliefs and model parameters are estimated jointly. Columns report the medians of individual parameter estimates
for the 2-draw and 16-draw boxes, and the median of within-subject differences (16 draws minus 2 draws). For the
grid-based Bayesian estimates, individual estimates are posterior means (N = 251). Limited variation in matching
probabilities can make it difficult to obtain reliable MLE estimates of the five model parameters. We therefore
restrict the MLE analysis to subjects whose six elicited matching probabilities have a variance of at least 0.005 and
take at least three distinct values in each box. Of the 251 subjects, 131 meet these criteria in the 2-draw box, 191
in the 16-draw box, and 114 in both boxes. Stars indicate two-sided Wilcoxon signed-rank tests of within-subject
differences: *** p < 0.01, ** p < 0.05, * p < 0.10.
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Additional details and results from the main experiment

Table C.1: Prior grids used by DOSE, main experiment

Model Parameter  Grid values
All mpg, my 0.025 to 0.95 in steps of 0.025 (741 belief points on the simplex)
All K 3, 3.929, 5.145, 6.738, 8.825, 11.557, 15.135, 19.821, 25.958, 33.996,
44.521, 58.306, 76.358, 100
All o 0.02, 0.05, 0.09, 0.15, 0.22, 0.33, 0.5
Source-Prelec o 0.01, 0.02, 0.032, 0.051, 0.082, 0.131, 0.209, 0.335, 0.535, 0.856, 1.368,
2.189, 3.5, 5
8 0.05, 0.3, 0.384, 0.491, 0.628, 0.803, 1.027, 1.314, 1.681, 2.15, 2.75, 3.518,
4.5, 10
Smooth 0 50, -25, -18.727, -12.455, -6.182, 0.091, 6.364, 12.636, 18.909, 25.182,
31.455, 37.727, 44, 50
P 0.05, 0.09, 0.134, 0.199, 0.295, 0.438, 0.651, 0.967, 1.437, 2.135, 3.172,
4.712, 7, 10
HEU-B «a 0, 0.077, 0.154, 0.231, 0.308, 0.385, 0.462, 0.538, 0.615, 0.692, 0.769,
0.846, 0.923, 1
K 0.02, 0.25, 0.344, 0.475, 0.654, 0.901, 1.242, 1.711, 2.358, 3.249, 4.477,
6.169, 8.5, 20

Notes: For each model, we assign equal prior probability to every possible combination of the listed
parameter values. The belief grid consists of 741 points (mg,my,mp) on the simplex, with each share
at least 0.025. o is the response-error parameter. For each model-specific parameter except HEU-B’s
«, the grid contains 12 core points spanning approximately the central 90-95% of individual estimates
from earlier data, including the benchmark experiment, plus one extreme value at each end to extend the
range. Core points are evenly spaced for Smooth 6 and log-spaced for the other parameters. HEU-B’s «
is bounded on [0, 1] and takes 14 evenly spaced values.
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Table C.2: Predictive value of elicited ambiguity attitudes, main
experiment

Panel A. By treatment: each treatment’s own model, its own subjects

model n fitted  neutral gain D
Smooth 119 —0.2246 —0.2481 +0.0123 < 0.001
HEU-B 128 —0.1990 —0.2495 +40.0207 < 0.001
Prelec 117 —0.2083 —0.2668 +0.0110 0.005

Panel B. Pooled: every model on all 364 subjects, one shared neutral

model n fitted  neutral gain P
Smooth 364 —0.2214 —0.2553 +0.0129 < 0.001
HEU-B 364 —0.2019 —0.2553 +0.0190 < 0.001
Prelec 364 —0.2269 —0.2553 +0.0139 < 0.001

Notes: The table compares out-of-sample quadratic scores from each fitted
model with an ambiguity-neutral benchmark that uses elicited beliefs without
ambiguity-attitude parameters. The ambiguity-neutral benchmark is identical
across the three models. Higher scores indicate better predictive performance.
Panel A evaluates each model using subjects from its corresponding DOSE
treatment, while Panel B evaluates all three models on the pooled sample
of 364 subjects. The fitted and neutral columns report median scores across
subjects. Gain is the median within-subject difference (fitted minus neutral).
The p-values are from two-sided Wilcoxon signed-rank tests of within-subject
differences. N = 364.

Table C.3: Out-of-sample model comparisons under alternative specifications, main ex-
periment

HEU-B vs source

HEU-B vs Smooth

Smooth vs source

Panel A. Between treatment (difference of medians)

Source-Prelec (main specification) +0.0093** +0.0256%** -0.0163
Neo-additive in place of Prelec +0.0047 +0.0256%** -0.0209**
Goldstein—Einhorn in place of Prelec +0.0055** +0.0256%** -0.0201
HEU in place of Prelec +0.0012 +0.0256%** -0.0245**
Finer attitude grid (20 per axis) -+0.0056* +0.0246%+* -0.0190
Panel B. Within subject, pooled (364 subjects; median paired difference)

Source-Prelec (main specification) +0.0106%** +0.0052%%* +0.0013
Neo-additive in place of Prelec +0.0038%** +0.0052%** -0.0085***
Goldstein—Einhorn in place of Prelec +0.0082%** +0.0052%** -0.0029
HEU in place of Prelec +0.0011%** +0.0052%** -0.0077***
Finer attitude grid (20 per axis) +0.0083*** +0.0050%** -0.0029

Notes: Each row reports pairwise differences in out-of-sample quadratic scores under an alternative
specification. The second through fourth rows replace the Prelec weighting function with the neo-additive,
Goldstein—Einhorn, or the Hurwicz-motivated weighting function of Bleichrodt et al. (2023) (Table B.1),
while keeping the HEU-B and smooth ambiguity models unchanged. The fifth row increases the number
of grid points for each attitude parameter from 14 to 20, keeping the same ranges. “Source” refers to
the source-theory specification used in each row. Panel A compares each model using subjects from its
corresponding DOSE treatment and reports differences in median scores, with two-sided Mann—Whitney
tests. Panel B evaluates all models on the pooled sample of 364 subjects and reports median within-
subject differences, with two-sided Wilcoxon signed-rank tests. Positive values favor the first model in
each comparison. *** p < 0.01, ™ p < 0.05, * p < 0.10.
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Figure C.1: Out-of-sample predictive performance using elicited versus Bayesian-approximated
beliefs. For each model, the figure reports the difference in out-of-sample quadratic scores using
subjects’ elicited beliefs and Box B beliefs approximated by Bayesian updating from a uniform prior
based on the observed draws (elicited minus Bayesian). Positive values indicate better prediction
using elicited beliefs. All three models are evaluated on each subject. Subjects are divided according
to whether their elicited ambiguity-level index 0% decreases (N = 213) or increases (N = 151) from
Box A to Box B. Dots represent median differences across subjects, and vertical lines indicate 95%
bootstrap confidence intervals obtained by resampling subjects. Stars indicate two-sided Wilcoxon
signed-rank tests of within-subject differences against zero: *** p < 0.01, ** p < 0.05, * p < 0.10;
ns indicates no statistical significance at the 10% level.
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D Instructions

The pages below are the shipped oTree templates of each experiment rendered as a participant saw

them, in order. Figure 2 and Figure 3 in the main text show the question pages.

D.1 Benchmark experiment

Instructions

Throughout the study, you will make a series of bets on the color of a ball drawn from a box.

The two boxes

You will be assigned two boxes, labeled A and B, each containing 100 colored balls. Each ball is either

red, blue, or yellow.

The color composition of each box (how many balls of each color it contains) is unknown to you during
the study. The two boxes will very likely have different compositions. At the end of the study, you will be

told the true composition of both.

What you'll do

The study has two sections: one for Box A and one for Box B. In each section you will (1) see some
example draws from that section's box, then (2) answer 24 binary-choice questions about that box. Each

question asks you to choose between two options, Option 1 and Option 2.

For each example draw, one ball is randomly drawn from the box, its color is shown, and the ball is then
returned before the next draw. Example draws can help: they give you some information about the box's
true color composition. Only a few draws might not give the full picture, but the more draws you see, the

closer the observed colors usually are to the true proportions.
NEXT

Figure D.1: Benchmark experiment, instructions page 1 of 4: the two boxes and the structure of
the study.
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Questions and How You're Paid

Every question in the main study follows the same format. Here's what to expect.

The question format

Every question shows you two options and asks which you prefer. Each option corresponds to drawing

one ball from a box. The $5 is a potential bonus on top of your base payment.

« Option 1: A known box — the number of balls of the specified color (out of 100) IS known. Win $5 if
the drawn ball is the specified color, $0 otherwise.
» Option 2: An unknown box — the number of balls of the specified color (out of 100) IS NOT known.

Win $5 if the drawn ball is the specified color, $0 otherwise.

The questions ahead will share the same Option 1vs. Option 2 format, but the details of each option
change from question to question. For example, the color that pays $5, or how many of that color are in
the known box, may differ. Please read each question carefully before answering.

Your bonus
In addition to your base payment, you can earn a $5 bonus. Here's how:
1. At the beginning of the study, one question will be selected at random from all the questions you'll

answer. You won't learn which one until the end.

2. At the end of the study, the option you chose on that question will be executed: one ball is drawn

from the box you chose, and you win $5 if that ball is of the specified color (and $0 otherwise).

Because every question is equally likely to be the selected one, it is in your best interest to choose the
option you genuinely prefer on every question — that way, no matter which question is chosen, you

always get your preferred bet.

WHY CHOOSING WHAT YOU ACTUALLY PREFER IS BEST FOR YOU

On the next page, we'll ask a few comprehension questions before the main study begins.

Figure D.2: Benchmark experiment, instructions page 2 of 4: the question format and how the
bonus is paid.
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Comprehension Questions

Please answer the comprehension questions below to ensure you understand the task.
You will be able to proceed only when all answers are correct.

Please read each question carefully. If you submit two wrong answers to the same question, you
will be asked to return your submission on Prolific.

Click the "Instructions" button below to review the instructions.

» INSTRUCTIONS

1. How many of your choices will determine your bonus payment?

O (a) All of my choices contribute to my bonus.
O (b) The last question in each section determines my bonus.

O (c) One single question, randomly selected, determines my bonus.

2. For each section, you will see some example draws from the corresponding box. After each
draw, the ball is:

O (a) kept aside and not used again.
O (b) put back into the box before the next ball is drawn.

O (c) replaced with a new ball of a different color.

3. Suppose the question that determines your payment is:

« Option 1: One ball is drawn from a known box (30 out of 100 RED). You win $5 if the ball is RED.
« Option 2: One ball is drawn from an unknown box. You win $5 if the ball is RED.

Suppose you chose Option 2. The ball drawn from the known box turns out to be RED, and the ball drawn
from the unknown box turns out to be BLUE. Do you win the $5 bonus?

O (a) Yes, because the ball drawn from the known box (Option 1) is red.
O (b) No, because the ball drawn from the unknown box (Option 2) is blue.

O (c) Yes, because at least one of the two balls is red.

4. Suppose you want to learn the composition of an unknown box of 100 balls. Recall that after
each example draw, the ball is put back into the box before the next draw. Which reveals more
information about the box's true composition?

O (a) Seeing 4 example draws from the box.
O (b) Seeing 16 example draws from the box.

O (c) Both would be about equally informative.

SUBMIT

Figure D.3: Benchmark experiment, instructions page 3 of 4: the comprehension questions. A
second wrong answer to the same question ends the session.
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Your Bonus Question

Your bonus will be determined by one of the questions you'll answer in this study. We are randomly

selecting which one now, before the task begins.

Click the button below to lock in this random selection. The chosen question will be recorded on our
server and shown to you as a short reference code (a meaningless sequence of characters). You can
write it down to verify the same code appears at the end of the study, when we reveal what it refers to
alongside your answer and bonus.

LOCK IN MY BONUS QUESTION

CONTINUE -

Figure D.4: Benchmark experiment, instructions page 4 of 4: the bonus question is drawn here,
before the first question is seen. The page is shown before the draw.
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D.2 Main experiment

Instructions

The two ambiguous boxes

You will be assigned two ambiguous boxes, labeled A and B, each containing 100 colored balls. Each ball

is red, blue, or yellow.

The color composition of each box (the number of red, blue, and yellow balls) is unknown to you during

the study. At the end of the study, you will be told the true composition of each box.

What you'll do

The study has two sections, one for each box. In each section you will (1) see some example draws from

that section's box, then (2) answer questions about that box. This study contains 52 questions in total.

For each example draw, one ball is randomly drawn from the box, its color is shown, and the ball is then
returned before the next draw. Example draws can help: they give you some information about the box's
true color composition. Only a few draws might not give you the full picture. But as more balls are drawn,

the mix of colors you see tends to look more like the true mix in the box.

On the next page, we describe the two types of question you will see.

Figure D.5: Main experiment, instructions page 1 of 5: the two boxes and the structure of the
study.
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The Two Types of Question

In each section you will answer two types of question. Both types ask you to choose between two

options, each with a possible $5 bonus on top of your base payment.

Type 1: A bet on the box's composition

Your bet is about how many balls of one specific color are in the ambiguous box. For each question, you
are given two ranges, and you pick the range you think is more likely to contain the actual number of

balls of that color.
Here is an example:

e Option 1: Win $5 if the number of BLUE balls in the ambiguous box is: (i) at least 0, AND (ii) no more
than 60.

e Option 2: Win $5 if the number of BLUE balls in the ambiguous box is: (i) at least 61, AND (ii) no more
than 100.

The composition of the box will be shown to you at the end of the study. You win $5 if the actual number

of balls of that color falls in the range you chose, and $0 otherwise.

Type 2: A bet on the color of a drawn ball

Your bet is about the color of a ball randomly drawn from a box. Each question marks one or more colors
as winning colors. You can choose which box you want the ball drawn from: a known box (where you

know exactly how many of its balls are a winning color) or the ambiguous box (where you do not).
Here is an example. The winning color for this question is YELLOW.

e Option 1: One ball is drawn from a known box (70 out of 100 YELLOW). You win $5 if the ball is
YELLOW.

e Option 2: One ball is drawn from the ambiguous box. You win $5 if the ball is YELLOW.

One ball will be randomly drawn from your chosen box. You win $5 if it is a winning color, and $0

otherwise.

The details change from question to question. Please read each question carefully before answering.

NEXT

Figure D.6: Main experiment, instructions page 2 of 5: the two types of question.
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How Your Bonus Is Determined

In addition to your base payment, you have a chance to earn a $5 bonus.

At the beginning of the study, before you answer any question, the computer will select one question at
random from a large collection of possible questions. This question will be used to determine whether

you earn the bonus. At the end of the study, we will reveal which question was selected.

How the selected question decides your bonus

¢ If the selected question is one you answered during the study, that answer determines your bonus.

« If you were not asked it during the study, you will be asked to answer it at the end, and that answer

determines your bonus.

Given how the bonus works, it is in your best interest to answer each question based on what you truly

prefer. That way, no matter which question is selected, you always get the option you wanted.

WHY ANSWERING HONESTLY IS BEST FOR YOU

On the next page, we'll ask a few comprehension questions before the main study begins.
NEXT

Figure D.7: Main experiment, instructions page 3 of 5: how the bonus is determined.
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Comprehension Questions

Please answer the comprehension questions below.
You will be able to proceed only when all answers are correct.

Please read each question carefully. If you submit two wrong answers to the same question, you
will be asked to return your submission on Prolific.

You can click the "Instructions” button below to review the instructions.

» INSTRUCTIONS

1. How is your bonus payment determined?
O (a) All of my answers contribute to my bonus.

O (b) The last question | answer determines my bonus.

O (c) One single question, selected at random before the questions begin, determines my bonus.

2. Suppose the question that determines your payment is this question:

« Option : One ball is drawn from a known box (30 out of 100 RED). You win $5 if the ball is RED.
« Option 2: One ball is drawn from an ambiguous box. You win $5 if the ball is RED.
Suppose you chose Option 2. At the end of the study, one ball is drawn from the ambiguous box and it turns.

out to be BLUE. Do you win the $5 bonus?

O (a) Yes, because a ball drawn from the known box (Option 1) could have been RED.
O (b) No, because the ball drawn from the box you chose (Option 2, the ambiguous box) is BLUE, not RED.

O (c) It depends on the ball that would have been drawn from the known box (Option 1).

3. Suppose the question that determines your payment is this question:

« Option 1: Win $5 if the number of RED balls in the ambiguous box is: (i) at least 0, AND (i) no more than
40.

« Option 2: Win $5 if the number of RED balls in the ambiguous box is: (i) at least 41, AND (i) no more than
100.

Suppose you chose Option 1. In which of the following cases do you win the $5 bonus?

) (a) At the end of the study, the true composition of the ambiguous box is revealed, and it contains 23 red
balls.

O

(b) At the end of the study, the true composition of the ambiguous box is revealed, and it contains 66 red
balls.

(c) At the end of the study, one ball is drawn from the ambiguous box, and it is red.

4. Before each section's questions, you will see some example draws from that section's box.
After each draw, the ball is:

O (a) kept aside and not used again.

O (b) put back into the box before the next ball is drawn.

O (c) replaced with a new ball of a different color.

5. Suppose you want to learn the composition of a box of 100 balls. Which reveals more
information about the box's true composition?

(a) Seeing 4 example draws from the box.
O (b) Seeing 20 example draws from the box.

O (c) Both would be about equally informative.

SUBMIT

Figure D.8: Main experiment, instructions page 4 of 5: the comprehension
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Your Bonus Question

Your bonus will be determined by one question, selected at random from a large collection of possible

questions. We are making that selection now, before the task begins.

Click the button below to lock in this random selection. The chosen question will be recorded on our

server and shown to you as a short reference code (a meaningless sequence of characters). At the end

you will know which question the code refers to.

LOCK IN MY BONUS QUESTION

CONTINUE -

Figure D.9: Main experiment, instructions page 5 of 5: the bonus question is drawn here, before
the first question is seen. The page is shown before the draw.
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